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Abstract. Since the world is full of indeterminacy, the 
neutrosophics found their place into contemporary 
research. The fundamental concepts of neutrosophic set, 
introduced by Smarandache in [7, 8]. Recently, Salama 
et al. in [14, 15, 16, 32 ], introduced the concept of 
correlation coefficient of neutrosophic data. In this paper, 


we introduce and _ study the concepts of correlation and 
correlation coefficient of neutrosophic data in probability 
spaces and study some of their properties. Also, we in- 
troduce and study the neutrosophic simple linear 
regression model. Possible applications to data pro- 
cessing are touched upon. 


Keywords. Correlation Coefficient, Fuzzy Sets, Neutrosophic Sets, Intuitionistic Fuzzy Sets, Neutrosophic Data; 


Neutrosophic Simple Linear Regression 


1 Introduction 


In 1965 [13], Zadeh first introduced the concept of fuzzy 
sets. Fuzzy set is very much useful and in this one real 
value ,(x) €[0,l] is used to represent the grade of 


membership of a fuzzy set A defined on the crisp set X. 
After two decades Atanassov [18, 19, 20] introduced 
another type of fuzzy sets that is called intuitionistic fuzzy 
set (IFS) which is more practical in real life situations. 
Intuitionistic fuzzy sets handle incomplete information 1.e., 
the grade of membership function and non-membership 
function but not the indeterminate information and 
inconsistent information which exists obviously in belief 
system. Smarandache [7,8] introduced another concept of 
imprecise data called neutrosophic sets. Salama et al. [1] 
introduced and studied the operations on neutrosophic sets 
and developed neutrosophic sets theory in [ 25, 26, 27, 28, 
29, 30, 31, 32]. In statistical analysis, the correlation 
coefficient plays an important role in measuring the 
strength of the linear relationship between two variables. 
As the correlation coefficients defined on crisp sets have 
been much discussed, it is also very common in the theory 
of fuzzy sets to find the correlation between fuzzy sets, 
which accounts for the relationship between the fuzzy sets. 
Salama et al. [15] introduced the concepts of correlation 
and correlation coefficient of neutrosophic in the case of 
finite spaces. In this paper we discuss and derived a 
formula for correlation coefficient, defined on the domain 
of neutrosophic sets in probability spaces. 


2 Terminologies 


Definition 2.1 [13] 
Let X be a fixed set. A fuzzy set A of X is an object 
having the form A=((x, L,(x)), xe X \ where the 


function ww, : X — [0,1] define the degree of membership 


of the element x € X to the set A, Let X be a fixed set. 
An intuitionistic fuzzy set A of X is an object having the 
form: A = {(x, 2, (x),V4(x)),x € X}, 
Where the function: w, : X — [0,1] and v, : X — [0,1] 
define respectively the degree of membership and degree 
of non-membership of the element x € X to the set A, 
which is a subset of X and for every 
xEX ,OSwWy(X)4+V,4(X) <1. 
Let X be a non-empty fixed set. A neutrosophic set (NS) A 
is an object having the form: 

A= {(x, 4 (X),74(X),V q(x), xe X} 
Where ,(X),7%,4(x) and v,(x) represent the degree of 
membership function, the degree of indeterminacy, and the 
degree of non membership function respectively of each 
element x € X to the set A. 

In 1991, Gerstenkorn and Manko [24] defined the 
correlation of intuitionistic fuzzy sets A and B in a finite set 
X ={X,,X5,...,xX, } as follows: 

Com (A.B) = Sa) Mala) Wala ValH) 2-1) 


and the correlation coefficient of fuzzy numbers A,B was 
Coy (A, B) 


,IT(A)-T(B) 


given by: Poy = (2.2) 
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where T(A) => (u? (x) 472 (4). (2.3) 
i=l 


Yu [4] defined the correlation of A and B in the collection 
F({a,b]) of all fuzzy numbers whose supports are included 
in a closed interval [a,b] as follows: 


1 b 
Cy (A,B) = —— [CO Mg) +V4(Ovg(xdx» (2.4) 
where ,(x)+V,(x)=1 and the correlation coefficient 
of fuzzy numbers A,B was defined by 


pp (2.5) 


[Cy (A, A)x Cy (B, B) 


In 1995, Hong and Hwang [[5]] defined the correlation 
of intuitionistic fuzzy sets A and B in a probability space 


(X, B,P) as follows: 


Cay (A, B) = | (alg +V Vp )aP (2.6) 


and the correlation coefficient of intuitionistic fuzzy 
numbers A,B was given by 


Cy (A, B) 
= pe 
ne sy Cyn (A, A) : Cuy (B, B) 


Salama et al. [14] introduce the concept of positively and 
negatively correlated and used the concept of centroid to 
define the correlation coefficient of generalized 
intuitionistic fuzzy sets which lies in the interval [-1, 1], 
and satisfy the condition 


M,(x)AV,(x) S05, VxeXx. 
and the correlation coefficient of generalized 
intuitionistic fuzzy sets A and B was given by: 
Ci.@(A,B 
us ( ) 2.8) 


— ——————— SS, ( 
es Cys (A,A):C (BB) 


whereC ,,, =M(LL, )mM(u, )+m(V, )m(V;z ) (2.9) 


ee | xu, (x)dx 

OT tg de” 
7 xy (x)dx 
A= ly (x)dx 
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ae | xu, (x)dx 
eB T pty dx” 
- | xvp (x)dx 
MV p)= [vp odx 


Salama et al. [15] defined the correlation of 
neutrosophic data in a finite set X ={x,,Xx5,...,x,} as 


follows: 


Cys (A, B) = 5 (104 (X)etg(%) W 4 (XV p(X) + %4(%)) 7p (4%) (2. 10) 
i=l 


and the correlation coefficient of fuzzy numbers A,B was 


given by: 
C ys (A, B) 
2 yA: (2.11) 
Pus TEA) -T(B) 
where 
T (A) = y Gi ay, G29): (2.12) 
i=1 

T(B) => (42 (x,) 2. (x,) + 72(,)). (2.13) 


i=l 


Salama et al. [16] introduce the concept of positively 
and negatively correlated and used the concept of centroid 
to define the correlation coefficient of neutrosophic sets 
which lies in the interval [-1, 1] was given by: 


Crys (A, B) 


Pus "TC, (A, A)-C,.(B,B) 


where 
Cy. =m(L, m(U,) +m(v, )m(v,)+m(y,)m(y,) (2-15) 


(2.14) 





( ) x fb, (x )dx 
wT" pp eke 
(,) |x by (x )dx 

m ee ee ee 
OP tty Ce ede 
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[xv Oe ddx fav, Ge dde 

i [v (x dx a [v (x )dx 
7 | xx. dx 7 [ x7, (dx 
MY.) = [rs0nd ieee PY 


3. Correlation Coefficient of Neutrosophic Sets 


Let (X, B, P) be a probability space and A be a 
neutrosophic set in a probability space X, 


A= (x, Hya(x), V4 (X)V A (x) x E ae where 

Ha(x), Y4(X), V4(x): X — [0,1] are, respectively, Borel 
measurable functions satisfying 

OS wy (x) +74 (x) +V4(x) <1" , where Fous| is non- 


standard unit interval [3]. 


Definition 3.1 
For a neutrosophic sets A, B, we define the correlation of 
neutrosophic sets A and B as follows: 


xX 


Where P is the probability measure over X. Furthermore, 
we define the correlation coefficient of neutrosophic sets A 
and B as follows: 


C(A, B) 
[7(A)-T(B)]! 
where T(A)=C(A, A) = | (uu: +y¥° +V" )dP , and 

xX 


P(A, B) = (3.2) 


T(B) = C(B, B) = | (uz + i +vz)dP . The 
x 
following proposition is immediate from the definitions. 


Proposition 3.1 
For neutrosophic sets A and B in X, we have 
1. C(A, B) =C(B,A), (A, B) = p(B, A). 
uu. If A=B, then p(A, B) =1. 
The following theorem generalizes both Theorem | [24], 
Proposition 2.3 [[4]14] and Theorem 1[15] of which the 
proof is remarkably simple. 


Theorem 3.1 
For neutrosophic sets A and B in X, we have 
O< o(A, B) <1. (3.3) 
Proof 


The inequality 0(A,B)=0O is evident since 


C(A,B)=0O and T(A),T(B) 20. Thus, we need only to 
show that p(A,B) <1, or C(A, B) <[T(A)-T(B) |” 

For an arbitrary real number k , we have 
O< f(y —kup) dP +f (v4 —kvg) dP + [4 —kvg) dP 


= f(a +4 +4 )dP —2k | (ue, Mp +VAV¥B +V4Vp)aP 
Xx Xx 


+k [(up typ tVvp)dP. 
x 
Thus, we can get: 


2 
‘Jat +VA¥pt+V AVE wr) < f(g tyatvaaP: | (ug t+y3 +V3)dP 
xX xX xX 


ICCA, B)/ <T(A)-T(B),C(A, B) < [T(A) TB)? 
Therefore, we have p(A, B) <1. 
Theorem 3.2 


P(A, B) =1if and only if A= cB for some c EIR. 


Proof 


Considering the inequality in the proof of Theorem 
3.1, then the equality holds if and only if 


Pil, =ClHa}=PUV 4, =CY Bg} =PIV, =CVpf Hl 
,forsome cEeZJR. 
which completes the proof. 
Theorem 3.3 
P(A, B) = 0 if and only if A and B are non-fuzzy sets 
and they satisfy the condition: 44 + Hl, =1 or 
eee = 1s0r-y, eV, =l. 
Proof 
Suppose that p(A,B)=0, then C(A,B)=0. Since 
HH +h ¥% +y, Vv, >0Q, then C(A,B)=0 
Pu, fe Ee Ve 0) =1, which means that 


PCL = Wath, = (0) =1 and Pv, v, =O)j=1. 


implies 


If i, (x)=, then we can get uw, (x)=0 and 
v(x) =V,4(x) =0. At the same time, if Lp (x) =1, then 
we can get 4, (x)=O0 and 7p (Xx) =Vp(x) =0, hence, we 
have “4 + MH, = 1. Conversely, if A and B are non-fuzzy 
sets and H+ Uh, =1. If w (@)=1, then we can 
LU (x) =O and v,(x) =v, (x) =0. On the other hand, if 
4, (x)=1, then Li, (x) =0 
Vv p(X) =Vp(x)=0, which implies C(A, B) =0.Similarly 


we can have and 
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we can give the proof when y, a A =lory, +, =a 


Theorem 3.4 
If A is a non-fuzzy set, then 7( A) =1. 
The proof is obvious. 


Example 


For a continuous universal set X =[1,2], if two 
neutrosophic sets are written, respectively. 


A={(x, Ha (0), 4 (2), 74 (2))|x €[L2]}, 
B= {(x, Ug (X),V g(x), 74 (x)))x €[L2]}, 


where 
Ma(x) =0.5(x—-D, [<v52 , 
Up, =0.3(x-D), 2720 
V4 (x) =1.9-0.9x, 12x29 
Vp =1.4-0.4x, l<x<2 
¥4(x)=6-x)/6, I<x<2 , 
Vp (x) = 0.5x —-0.3, 1<x<2 


Thus, we have C(A, B) = 0.79556 , T(A) = 0.79593 ) 
and T(B) = 0.9365 .6. Then we get p(A, B) = 0.936506 . 


It shows that neutrosophic sets A and B have a good 
positively correlated. 


4. Neutrosophic linear regression model 

Linear regression models are widely used today in 
business administration, economics, and engineering as 
well as in many other traditionally non-quantitative fields 
including social, health and biological sciences. Regression 
analysis is a methodology for analyzing phenomena in 
which a variable (output or response) depends on other 
variables called input (independent or explanatory) 
variables. Function is fitted to a set of given data to predict 
the value of dependent variable for a specified value of the 
independent variable. However, the phenomena in the real 
world cannot be analyzed exactly, because they depend on 
some uncertain factors and in some cases, it may be 
appropriate to use neutrosophic regression. Tanaka et al. 
(1982) [8] proposed the first linear regression analysis with 
a fuzzy model. According to this method, the regression 
coefficients are fuzzy numbers, which can be expressed as 
interval numbers with membership values. Since the 
regression coefficients are fuzzy numbers, the estimated 
dependent variable is also a fuzzy number. A collection of 
recent papers dealing with several approaches to fuzzy 
regression analysis can be found in Kacprzyk and Fedrizzi 
(1992)[17]]. Other contributions in this area are by 
Diamond (1988)[22], Tanaka and Ishibuchi (1991)[11], 
Savic and Pedrycz (1991)[16] and Ishibuchi (1992) [9]. 
Yen et al. (1999) [12] extended the results of a fuzzy linear 
regression model that uses symmetric triangular coefficient 
to one with non-symmetric fuzzy triangular coefficients. 
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In this section we will define the simple linear 
regression in neutrosophic set. 
Definition 4.1 


Assume that there is a random sample (x,,*5,...,x,) EX , 


alone with the sequence of data; 

(Cig (1) % 4%). 4 (1), eg (4) 73 1), V 8 (4), 
(U(X), Ute (X,),/% p(X, ), Ve (X%,)), as defined in 
Definition 2.3, ,(%), 74 (%),V4(x) represent the degree 
of membership function (namely sv, (x) ), the degree of 
non-membership (namely v , (x) ), and the degree of 
indeterminacy (namely 7, (x) ) respectively of each 
element xe X tothe set A. also p(X), p(X), Vp (X) 


represent the degree of membership function (namely 
Lp (x) ), the degree of non-membership (namely Vp (*) ), 


and the degree of indeterminacy (namely 7,(*) ) 
respectively of each element xe X to the set B. 


Consider the following simple neutrosophic linear 
regression model: AJ =@B. +f, 

where ; denotes the independent variables, Db the 
estimated neutrosophic intercept coefficient, a_ the 


estimated neutrosophic slope coefficients and Y; the 
estimated neutrosophic output. As classical statistics linear 
regression we will define the neutrosophic coefficients a 
and b 


— C(A,B) 
C(A, A) 
where C (A, B) define in [15] as follows 


C(A, B) = YM (X;) Lp (%)) V4 (%) VB (%)) +74) 7B OG) » 


i=l 


and B=E(Y) — a(X), 


EW) == Gig )) +7 9 4) + 75%) sand 
— 1 _ _ -_ 

BAIA Hara Ca) VAs 

= Le _ 1 L 

Ha(x)=— Dd Ma), p(X) =— Dd Mp), 
N j=] N j=] 

7 LZ 

¥3(X;)=—> 7p (;) : 
N j=1 


6 ee 
N j=1 


_ 1 2 = 1 2 
Va(X)=— V4), Vp(X)=—DVp(%;)- 
N j=| N j=] 


Example 4.1 
In example [15], we comput that 
C (A, B) = 0.88, C (A, A) = T (A) = 0.83, 
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= Le 
PN Da a 
i=l 


= 1 2 
Hp (Xj)=— 2 Ma (Xj)=03, 
i=l 


_ 1 
LEI LA) OD 
i-1 


= 1 Jv 
Va(%)=— Lye) = 0.35, 
i=| 


= L 
V4(x,) =— >div4(x%;) = 0.35, 
N j=1 


_ 2 
i=l 


ED?) == Fig i) + 7%) +79) = 0.42, 


= . wae = = 
and BUD) = BAG) PAV A) 0 : 
then @=1.06and G=0.49 


Then neutrosophic linear regression model is given by 


A, =1.065, + 0.49. 
Conclusion 

Our main goal of this work is propose a method to 
calculate the correlation coefficient of neutrosophic sets 
which lies in [0, 1], give us information for the degree of 
the relationship between the neutrosophic sets. Further, we 
discuss some of their properties and give example to 
illustrate our proposed method reasonable. Also we get the 
simple linear regression on neutrosophic sets. 
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Abstract. In this paper we present the generalization of 
neutrosophic rings and neutrosophic fields. We also ex- 
tend the neutrosophic ideal to neutrosophic biideal and 
neutrosophic N-ideal. We also find some new type of no- 
tions which are related to the strong or pure part of neu- 


trosophy. We have given sufficient amount of examples 
to illustrate the theory of neutrosophic birings, neutro- 
sophic N-rings with neutrosophic bifields and neutro- 
sophic N-fields and display many properties of them in 
this paper. 


Keywords: Neutrosophic ring, neutrosophic field, neutrosophic biring, neutrosophic N-ring, neutrosophic bifield neutrosophic N- 


field. 


1 Introduction 


Neutrosophy is a new branch of philosophy which studies 
the origin and features of neutralities in the nature. Floren- 
tin Smarandache in 1980 firstly introduced the concept of 
neutrosophic logic where each proposition in neutrosophic 
logic is approximated to have the percentage of truth in a 
subset T, the percentage of indeterminacy in a subset I, and 
the percentage of falsity in a subset F so that this neutro- 
sophic logic is called an extension of fuzzy logic. In fact 
neutrosophic set is the generalization of classical sets, con- 


ventional fuzzy set [1] , Intuitionistic fuzzy set 2] and in- 


terval valued fuzzy set [3] . This mathematical tool is used 


to handle problems like imprecise, indeterminacy and in- 
consistent data etc. By utilizing neutrosophic theory, 
Vasantha Kandasamy and Florentin Smarandache dig out 


neutrosophic algebraic structures in [1 1] . Some of them 


are neutrosophic fields, neutrosophic vector spaces, neu- 
trosophic groups, neutrosophic bigroups, neutrosophic N- 
groups, neutrosophic semigroups, neutrosophic bisemi- 
groups, neutrosophic N-semigroup, neutrosophic loops, 
neutrosophic biloops, neutrosophic N-loop, neutrosophic 
groupoids, and neutrosophic bigroupoids and so on. 


In this paper we have tried to develop the the 
generalization of neutrosophic ring and neutrosophic field 
in a logical manner. Firstly, preliminaries and_ basic 
concepts are given for neutrosophic rings and neutrosophic 
fields. Then we presented the newly defined notions and 
results in neutrosophic birings and neutrosophic N-rings, 


neutrosophic bifields and neutosophic N-fields. Various 
types of neutrosophic biideals and neutrosophic N-ideal are 
defined and elaborated with the help of examples. 


2 Fundamental Concepts 


In this section, we give a brief description of neutrosophic 
rings and neutrosophic fields. 


Definition: Let R be a ring. The neutrosophic ring 

(R wy ) is also aring generated by R and J under the 
operation of R , where [ is called the neutrosophic ele- 
ment with property 1~ = 7 . For an integer n,n +J and 


nl are neutrosophic elements and 0.J =0./ “| the in- 
verse of J is not defined and hence does not exist. 


Definition: Let (R Ul ) be a neutrosophic ring. A proper 


subset P of (R Ul ) is called a neutosophic subring if 


P itself a neutrosophic ring under the operation of 


(RUT). 


Definition: Let 7’ be a non-empty set with two binary op- 
erations * and ©. J is said to be a pseudo neutrosophic 
ring if 

1. T contains element of the form a+blI (a,b 


are reals and b # O for atleast one value ) . 
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2. (7,*) is an abelian group. 
3. (T°) is a semigroup. 


Definition: Let (R ir | ) be a neutrosophic ring. A non- 
empty set P of (R wt ) is called a neutrosophic ideal of 


(R Ul ) if the following conditions are satisfied. 


1. P is aneutrosophic subring of (R Ul ) , and 


2. Forevery p €P and re(RUI), pr and 
rpeP. 


Definition: Let K be a field. The neutrosophic field gen- 
erated by (K Ul ) which is denoted by 


K(1)=(K UI). 


Definition: Let K(/) be a neutrosophic field. A proper 


subset P of K(J/) is called a neutrosophic sufield if P 
itself a neutrosophic field. 


3 Neutrosophic Biring 


Definition **. Let (BN(R), 


with two binary operations * and ©. 


*,0) be a non-empty set 
(BN (R), 
said to be a neutrosophic biring if BV(Rs) = R, UR, 


*,0) is 


where atleast one of (R,,*,°) or (R,,%*,°) is a neutro- 


sophic ring and other is just aring. AR, and R, are proper 


subsets of BN(R). 


Example 2. Let BNV(R) = (R,,*,°) U(R,,*,°) where 


(R,,*,°) =((ZUT),+,x) and (R,,*,°) =(Q,4,x). 


Clearly (R,,*,°) is a neutrosophic ring under addition 
and multiplication. (R.,,*,°) is just a ring. Thus 


(BN (R), 


*,o) is a neutrosophic biring. 


Theorem: Every neutrosophic biring contains a corre- 
sponding biring. 


Definition: Let BN (R) = (R,,*,°) U(R,,%,°) bea 
neutrosophic biring. Then BN(R) is called a commuta- 
tive neutrosophic biring if each (R,,*,°) and (R,,*,°) 
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is a commutative neutrosophic ring. 


Example 2. Let BNV(R) = (R,,*,°) U(R,,%*,°) where 
(R,,*,0) =((ZUT),+,x) and (R,,*°) =(Q,4,%). 
Clearly (R,,*,°) is a commutative neutrosophic ring and 
(R.,,*,°) is also a commutative ring. Thus 


(BN (R),* 


,°) iS acommutative neutrosophic biring. 


Definition: Let BN (R) = (R,,*,°) U(R,,%*,°) bea 
neutrosophic biring. Then BN(R) is called a pseudo 
neutrosophic biring if each (R,,*,°) and (R,,*,°) isa 


pseudo neutrosophic ring. 


Example 2. Let BV(R) =(R,,+, x) U(R,,+,9°) 
where (R,,+,x) ={0,/,2/,3/} is a pseudo neutro- 


sophic ring under addition and multiplication modulo 4 


and (R,,+,) = {0,+11, 421,431... 


do neutrosophic ring. Thus (BN (R),+, x) is a pseudo 
neutrosophic biring. 


\ is another pseu- 


Theorem: Every pseudo neutrosophic biring is trivially a 
neutrosophic biring but the converse may not be true. 


Definition 8. Let (BN (R) = R, UR,;*,°) be a neutro- 
sophic biring. A proper subset (7',*,°) is said to bea 
neutrosophic subbiring of BN (R) if 


1) T=T1,VUT, where 7, = R, OT and 


T, = R, CT and 
2) Atleast one of (7,,°) or (7,,*) is a neutrosophic 
ring. 


Example: Let BN(R) = (R,,*,°) U(R,,*,°) where 
(R,,*°) =((RUTI),+,x) and 

(R,,*,0) =(C,+,x). Let P= P UP, bea proper 
subset of BN(R), where P =(Q,+,x) and 

P, = (UR, +, X). Clearly (P,+, x) is a neutrosophic sub- 
biring of BN(R). 


Definition: If both (R,,*) and (R,,°) in the above def- 


inition ** are neutrosophic rings then we call 
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(BN (R), 


*,0) to be a strong neutrosophic biring. 


Example 2. Let BNV(R) = (R,,*,°) U(R,,%*,°) where 
(R,,*°) =((ZUT),+,%) and 
(R,,*,0) = ((Q U T),+, x). Clearly R, and R, are 


neutrosophic rings under addition and multiplication. Thus 


(BN (R), 


*,0) is a strong neutrosophic biring. 


Theorem. All strong neutrosophic birings are trivially neu- 
trosophic birings but the converse is not true in general. 


To see the converse, we take the following Example. 


Example 2. Let BN(R) = (R,,*,°) U(R,,*,°) where 
(R,,*,°0) =((ZUT),+,x) and (R,,*,°) =(Q,4,%). 
Clearly (R,,*,°) is a neutrosophic ring under addition 


and multiplication. (R.,,*,°) is just a ring. Thus 
(BN(R), 


neutrosophic biring. 


*,0) is a neutrosophic biring but not a strong 


Remark: A neutrosophic biring can have subbirings, neu- 
trosophic subbirings, strong neutrosophic subbirings and 
pseudo neutrosohic subbirings. 


Definition 8. Let (BN (R) = R, UR,;*,°) be a neutro- 
sophic biring and let (7',*,°) is a neutrosophic subbiring 
of BN(R). Then (7, 


al of BN(R) if 


*,0) is called a neutrosophic biide- 


1) L=T,UL, where 7, =R, OT and 
T, = R, AT and 
2) Atleast one of (7,,*,°) or (7,,*,°) is a neutrosoph- 


ic ideal. 
If both (7,,*,°) and (7,,*,°) in the above definition are 


neutrosophic ideals, then we call (7,*,°) to be a strong 


neutrosophic biideal of BN(R). 


Example: Let BN(R) = (R,,*,°) U(R,,%,°) where 
(R,,*,0) =((Z,, UI), +,%) and 
(R,,*,°) =(Z,.,+,x). Let P= P UP, bea neutro- 
sophic subbiring of BN (CR) , where 


P ={0,6,27,4/,6/,8/7, 107,64 2/,...,6+10/} and 


1] 


= {02/,4/,6/,8/7, 107,127,147}. Clearly 
(P,+,x) is a neutrosophic biideal of BN(R) . 


Theorem: Every neutrosophic biideal is trivially a neutro- 
sophic subbiring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
neutrosophic biideal but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
neutrosophic subbiring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 
true. 


Definition 8. Let (BN (R) = R, UR, ;*,°) be a neutro- 
sophic biring and let (7',*,°) is a neutrosophic subbiring 
of BN(R). Then (T7,*,°) is called a pseudo neutrosoph- 


ic biideal of BN(R) if 


1. L=T1, UT, where 7, = R, OT and 
IT, = R, OT and 


2. (7,,%*,°) and (7,,*,°) are pseudo neutrosophic 


ideals. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
neutrosophic subbiring but the converse may not be true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 
true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
neutrosophic biideal but the converse may not be true. 


Theorem: Every pseudo neutrosophic biideal is trivially a 
strong neutrosophic biideal but the converse may not be 
true. 


4 Neutrosophic /N -ring 


Definition®. Let { NCR), *,,...,%55°),055-+ Cy} bea 

non-empty set with two N -binary operations defined on 

it. We call NCR) aneutrosophic N -ring (N a positive 

integer) if the following conditions are satisfied. 

1) N(IRJ=R, UR, VU...UR, where each R, isa 
proper subset of N(R) ie. R, ZR, or R, ZK, if 
Lye 
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2) (R,,*,,°,) is either a neutrosophic ring or a ring for 
fa ie ene ke 

Example 2. Let 

N(R) = (R,,*,°) U(R,,% 2°) U(R3,% 2) where 

(R,,*,0) =((ZUT),+,x), (Ry,%,°) = (Q,+,x) and 

(R,, or °) = (Zags ane x) . Thus (N(R), 

sophic WN -ring. 


*,0) is a neutro- 


Theorem: Every neutrosophic JN -ring contains a corre- 
sponding WN -ring. 


Definition: Let 
N(R) ={R,VR, V....UR 
be a neutrosophic N-ring. Then NV (R) i is called a pseudo 


neutrosophic N-ring if each (R.,*.) is a pseudo neutro- 


1? 1 


sophic ring where 1 = 1,2,...,N. 


Example 2. Let 

N(R) =(R,,+,x) U(R,,+, x) U(R3,+, x) where 
(R,,4+,x) ={0,/, 27,37} is a pseudo neutrosophic ring 
under addition and multiplication modulo 4, 

(R,,+,x) ={O, 411, +21,43],...} is a pseudo neutro- 


sophic ring and (R,,+,x) = {0,421 +41, +61...}. 
Thus (V(R),+, x) is a pseudo neutrosophic 3-ring. 
Theorem: Every pseudo neutrosophic N-ring is trivially a 
neutrosophic N-ring but the converse may not be true. 
Definition. If all the N -rings (R,,*,) in definition * are 


N ) then we 
call N(R) to be a neutrosophic strong WN -ring. 


neutrosophic rings (i.e. for 1 =1,2,3,..., 


Example 2. Let 
N(R) = (R,,*,°) U(R,,* 9) U(R3,*,°) where 


(R,,*,0) =(ZUT),+,%), 
(R,,*,°) = (QUT), +,x) and 
(R;,*,°) =((Zy UT),+,x). Thus (N(R), *,°) isa 


strong neutrosophic WN -ring. 


Theorem: All strong neutrosophic N-rings are neutrosoph- 
ic N-rings but the converse may not be true. 
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Definition 13. Let 
INC) Ra OR iy ei i ose es 
be aneutrosophic WN -ring. A proper subset 

P={BVB V.... Pye *5*5-0*y} of NCR) is said to 
be aneutrosophic N -subring if 

P=PoOK,,i=1,2...., 


atleast some of the subrings are neutrosophic subrings. 


N are subrings of R, in which 


Example: Let 
N(R) =(R,,%2) U(Ry,% 2) U (Ry. 9). where 


(R,,*°) =(RUTJ),+,x), 
(R,,*,°) =(C,+, x) and (R,,*,°) =(Z,,,+, x) Let 


Ne oe Ne) apes P=P UP, UP, bea proper subset of NCR) , where 


P =(Q,+,x), PB, =(R,+, x) and 
(R,,%*,0) = {0,2,4,6,8, 1 21,4, 6181}. Clearly 
(P,+,X) is a neutrosophic sub 3-ring of N(R). 


Definition 14. Let 

N(R) ={R,VR, VU....UR 
be aneutrosophic WN -ring. A proper subset 

a NT eT a aaa gs agate, One| SOL 
N(R) is said to be a neutrosophic strong sub N -ring if 


N°? are wae eo ere 


each (7,,*,) is a neutrosophic subring of (R,,* 
for 1=1,2,...,N where 7,=R OT. 


i? for 


Remark: A strong neutrosophic su N-ring is trivially a 
neutrosophic sub N-ring but the converse 1s not true. 


Remark: A neutrosophic N-ring can have sub N-rings, 
neutrosophic sub N-rings, strong neutrosophic sub N-rings 
and pseudo neutrosohic sub N-rings. 


Definition 16. Let 
N(R) ={R,VR, VU....UR 


be aneutrosophic WN -ring. A proper subset 


Pa OD, 2 tO Fs esas Osun) 
where P= POOR, for t=1,2,...,N is said to be a 
neutrosophic N -ideal of N(R) if the following condi- 
tions are satisfied. 


N°? aris wit assy Oayte d 


1) Each it is aneutrosophic subring of 


R,,t=1,2,...,N. 
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2) Each it is a two sided ideal of R, for t=1,2,...,N. 
If (P.,*,,°,) in the above definition are neutrosophic ide- 


als, then we call (P.,*.,°,) to be a strong neutrosophic N- 


ideal of N(R). 


Theorem: Every neutrosophic N-ideal is trivially a neu- 
trosophic sub N-ring but the converse may not be true. 


Theorem: Every strong neutrosophic N-ideal is trivially a 
neutrosophic N-ideal but the converse may not be true. 


Theorem: Every strong neutrosophic N-ideal is trivially a 
neutrosophic sub N-ring but the converse may not be true. 


Theorem: Every strong neutrosophic biideal is trivially a 
strong neutrosophic subbiring but the converse may not be 


true. 


Definition 16. Let 
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said to be a neutrosophic bifiel if BN(F) = F, U F, 
where atleast one of (F,,*,°) or (F,,*,°) is a neutro- 
sophic field and other is just a field. F, and fF, are proper 
subsets of BN (F). 

If in the above definition both (F,,*,°) and (F,,*,°) are 


neutrosophic fields, then we call (BN (F),*,°) to be a 
neutrosophic strong bifield. 


Example 2. Let BN (F) = (F,,*,°) U(E,,*,°) where 
(F,*,0) =((CUT),+,x) and (K,*%°) =(Q+,x). 
Clearly (F,,*,°) is a neutrosophic field and (F,,*,°) is 
just a field. Thus (BN (F),*,°) is a neutrosophic bifield. 


Theorem: All strong neutrosophic bifields are trivially 
neutrosophic bifields but the converse is not true. 


N(R) ={R, UR, Uo... UO Ryo) 5 0005 ®y 9 %p2 090009 | Definition $. Let BN(F) =(FU F,,*,°) be a neutro- 


be aneutrosophic WN -ring. A proper subset 
a I ss i Pasa es sae Oey 
where P=PQOR, for t =1,2,...,N is said to be a 


pseudo neutrosophic N -ideal of NCR) if the following 
conditions are satisfied. 


1. Each itis a neutrosophic subring of 


R,,¢ =1,2,...,N. 
2. Each (P.,*,,°,) is a pseudo neutrosophic ideal. 


Theorem: Every pseudo neutrosophic N-ideal 1s trivially a 
neutrosophic sub N-ring but the converse may not be true. 


Theorem: Every pseudo neutrosophic N-ideal 1s trivially a 
strong neutrosophic sub N-ring but the converse may not 
be true. 


Theorem: Every pseudo neutrosophic N-ideal 1s trivially a 
neutrosophic N-ideal but the converse may not be true. 


Theorem: Every pseudo neutrosophic N-ideal 1s trivially a 


strong neutrosophic N-ideal but the converse may not be 
true. 


5 Neutrosophic Bi-Fields and Neutrosophic N-Fields 


Definition **. Let (BN (F),*,°) be a non-empty set 
with two binary operations * and o. (BN(F),*,°) is 


sophic bifield. A proper subset (7',*,°) is said to be a 
neutrosophic subbifield of BN (F) if 
3) L=T, UT, where 7, =f, OT and 
T, = F, OT and 
4) Atleast one of (T,,°) or (7,,*) is a neutrosophic 
field and the other is just a field. 


Example: Let BN (F) = (F,,*,°) U(B,*,°) where 
(F,,#,0) =((RUJ),+,x) and (F,,*°) =(C,4,x). 
Let P= PF UP, bea proper subset of BN (F) , where 

P =(Q),+,x) and P, = UR,+, x). Clearly (P,+, x) is 
a neutrosophic subbifield of BN (F) . 


Definition*. Let { NCF), *,,...,%55°),0s5+s°y } bea 
non-empty set with two N -binary operations defined on 
it. We call N(R) aneutrosophic N -field (N a positive 
integer) if the following conditions are satisfied. 


1 NP=F, VE, U...UF, where each F, isa 
proper subset of N(F) ie. R, Z R, or 
R ZK, if v4 7. 

2. (R,,*,,°,) is either a neutrosophic field or just a 


field for 1 =1,2,3,...,N. 
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If in the above definition each (R.,*,,°,) is a neutro- 


sophic field, then we call N(R) to be a strong neu- 
trosophic N-field. 


Theorem: Every strong neutrosophic N-field is obvi- 
ously a neutrosophic field but the converse is not true. 


Definition 14. Let 

NG OF OE ng ccies es saan 
be aneutrosophic N -field. A proper subset 

SN TM osc Wi as sss ® oop sgcees oy | OL 
N(F) is said to be a neutrosophic N -subfield if each 
(7,,*,) is aneutrosophic subfield of (F.,*,,°,) for 
i=1,2,...,N where 7,=F, OT. 


Conclusion 


In this paper we extend neutrosophic ring and neutrosophic 
field to neutrosophic biring, neutrosophic N-ring and neu- 
trosophic bifield and neutrosophic N-field. The neutro- 
sophic ideal theory is extend to neutrosophic biideal and 
neutrosophic N-ideal. Some new type of neutrosophic ide- 
als are discovered which is strongly neutrosophic or purely 
neutrosophic. Related examples are given to illustrate neu- 
trosophic biring, neutrosophic N-ring, neutrosophic bifield 
and neutrosophic N-field and many theorems and proper- 
ties are discussed. 
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Abstract. In this paper, we define a new cosine similari- 
ty between two interval valued neutrosophic sets based 
on Bhattacharya’s distance [19]. The notions of interval 
valued neutrosophic sets (IVNS, for short) will be used 
as vector representations in 3D-vector space. Based on 


Keywords: Cosine Similarity Measure; Interval Valued 
Neutrosophic Sets 


1. Introduction 


The neutrsophic sets (NS), pioneered by OF. 
Smarandache [1], has been studied and applied in different 
fields, including decision making problems [2, 3, 4 , 5, 
23], databases [6-7], medical diagnosis problems [8] , to- 
pology [9], control theory [10], Image processing 
[11,12,13] and so on. The character of NSs is that the val- 
ues of its membership function, non-membership function 
and indeterminacy function are subsets. The concept of 
neutrosophic sets generalizes the following concepts: the 
classic set, fuzzy set, interval valued fuzzy set, Intuitionistic 
fuzzy set, and interval valued intuitionistic fuzzy set and so 
on, from a philosophical point of view. Therefore, Wang et 
al [14] introduced an instance of neutrosophic sets known 
as single valued neutrosophic sets (SVNS), which were mo- 
tivated from the practical point of view and that can be used 
in real scientific and engineering application, and provide 
the set theoretic operators and various properties of SVNSs. 
However, in many applications, due to lack of knowledge 
or data about the problem domains, the decision infor- 
mation may be provided with intervals, instead of real 
numbers. Thus, interval valued neutrosophic sets (IVNS), 
as a useful generation of NS, was introduced by Wang et al 
[15], which is characterized by a membership function, 
non-membership function and an indeterminacy function, 
whose values are intervals rather than real numbers. Also, 
the interval valued neutrosophic set can represent uncertain, 
imprecise, incomplete and inconsistent information which 
exist in the real world. As an important extension of NS, 
IVNS has many applications in real life [16, 17]. 


Many methods have been proposed for measuring the 
degree of similarity between neutrosophic set, S. Broumi 
and F. Smarandache [22] proposed several definitions of 
similarity measure between NS. P. Majumdar and S.K. 
Samanta [21] suggested some new methods for measuring 
the similarity between neutrosophic set. However, there is a 
little investigation on the similarity measure of IVNS, alt- 
hough some method on measure of similarity between in- 


the comparative analysis of the existing similarity 
measures for IVNS, we find that our proposed similarity 
measure is better and more robust. An illustrative exam- 
ple of the pattern recognition shows that the proposed 
method is simple and effective. 


tervals valued neutrosophic sets have been presented in [5] 
recently. 


Pattern recognition has been one of the fastest growing 
areas during the last two decades because of its usefulness 
and fascination. In pattern recognition, on the basis of the 
knowledge of known pattern, our aim is to classify the un- 
known pattern. Because of the complex and uncertain na- 
ture of the problems. The problem pattern recognition is 
given in the form of interval valued neutrosophic sets. 


In this paper, motivated by the cosine similarity meas- 
ure based on Bhattacharya’s distance [19], we propose a 
new method called “cosine similarity measure for interval 
valued neutrosophic sets. Also the proposed and existing 
similarity measures are compared to show that the proposed 
similarity measure is more reasonable than some similarity 
measures. The proposed similarity measure is applied to 
pattern recognition 


This paper is organized as follow: In section 2 some basic 
definitions of neutrosophic set, single valued neutrosophic 
set, interval valued neutrosophic set and cosine similarity 
measure are presented briefly. In section 3, cosine similari- 
ty measure of interval valued neutrosophic sets and their 
proofs are introduced. In section 4, results of the proposed 
similarity measure and existing similarity measures are 
compared .[In section 5, the proposed similarity measure 1s 
applied to deal with the problem related to medical diagno- 
sis. Finally we conclude the paper. 


2. Preliminaries 


This section gives a brief overview of the concepts of 
neutrosophic set, single valued neutrosophic set, interval 
valued neutrosophic set and cosine similarity measure. 


2.2 Neutrosophic Sets 


Definition 2.1 [1] 
Let U be an universe of discourse then the neutrosophic 
set A is an object having the form 
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A = {< x: T,(x), [4(x), F4(x) >, x €U}, where the 
functions T, I, F : U— ]-0, 1+] define respectively the de- 
gree of membership (or Truth) , the degree of indetermina- 
cy, and the degree of non-membership (or Falsehood) of the 
element x U to the set A with the condition. 


O< Ty(x) +1, (x) + Fy(x) <3". (1) 


From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets 
of ] 0, 1°[. So instead of] —0, 1°[ we need to take the inter- 
val [0, 1] for technical applications, because | 0, 1*[will be 
difficult to apply in the real applications such as in scien- 
tific and engineering problems. 

For two NS, Any = {<x, T,(x),1,4(4), Fa(x) >! 
xe xX } 
two relations are defined as follows: 


(1) Ays G Byg If and only if T,(x) < Tp(x), [,4(x) 
Ip(x), Fa(x) 2 Fp(x) for any x €X. 


(2) Aysy =Byy if and only if T,(x) =Tp(x), 1,4 (x) 
=I[p(x), F4(x) =Fe(x) forany x €X. 


2.3.Single Valued Neutrosophic Sets 


Definition 2.3 [14] 

Let X be a space of points (objects) with generic ele- 
ments in X denoted by x. An SVNS A in X 1s characterized 
by a truth-membership function 7,(x), an indeterminacy- 
membership function /,(x) , and a_ falsity-membership 
function F,(x) , 


F(x) €[0, 1]. 


for each point x in X, 7,(x%), 1,(x), 


When X is continuous, an SVNS A can be written as 


x x 


EX (2) 


When X is discrete, an SVNS A can be written as 


<T 4 (%),14(%;), Fg (4) > ee 
——S 


A= >? eX (3) 


Xj 


EX } 
And Boyys ={<x, Ty(x),1,4(x), F4(x) > 1x €X }the two 
relations are defined as follows: 

(1) Agyys CG Boyys 1f and only if T,(x) < Tp(x) 
T,(x) 2 p(x), Fy(x) 2 F(x) 
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=[p(x), Fa(x) =F p(x) forany x €X. 


2.4 Interval Valued Neutrosophic Sets 


Definition 2.4 [15] 
Let X be a space of points (objects) with generic elements 
in X denoted by x. An interval valued neutrosophic set (for 
short IVNS) A in X is characterized by truth-membership 
function T(x) , indeteminacy-membership function J , (x) 
and falsity-membership function F’,(x). For each point x 
in X, we have that7,(x), [,(%), Fa(x) € [0,1]. 


For twoIVNS, Ajys ={<x, [Ty (x),Ty (x) ], 

[14(x) 14 (0) LL Fe (x), Fe (x) Pl x €X } 

And Bis = {<x, ={<x, [7 (x) Tz (x) ], 

[Ip (x) 13 (x) |. Fe (x), Fp (x) J> 1x © X }olx eX } the 
two relations are defined as follows: 

(1) Ajws € Byyzg if and only if Ty (x) < Ty (x), Ty (x) < 
Ty (x), Ey(z) = Ig@), Fax) = Fp@) , Fy) > 
EF, (x). 

(2) Arws =Bins if and only if , Ty (x) =Ty (x), 
EST GC). ig 

15, (x) =1p (x), Fy (x) = Fx (x), Fy (x) = Fy (x) for any 
x EX. 

2.5 Cosine Similarity 


Definition 2.5 

Cosine similarity is a fundamental angle-based measure 
of similarity between two vectors of n dimensions using the 
cosine of the angle between them Candan and Sapino [20]. 
It measures the similarity between two vectors based only 
on the direction, ignoring the impact of the distance be- 
tween them. Given two vectors of attributes, X= 
(X,,%,...,xX, ) and Y=(y,, yo,..., y, ), the cosine similari- 


ty, cos0, is represented using a dot product and magnitude 
as 


LX; 
Cos§= —=—__ (4) 


In vector space, a cosine similarity measure based on 
Bhattacharya’s distance [19] between two fuzzy set 
Ma(x;) and “4p(x;) defined as follows: 
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Sus (x; ) {4p (%;) 


[EH fe Ha a 


The cosine of the angle between the vectors 1s within 
the values between 0 and 1. 


C, (A,B) = (3) 


In 2-D vector space, J. Ye [18] defines cosine similarity 
measure between IFS as follows: 


ay (X;) p(X) +V 4 (XV 3 (;) 


[2 Haar) +Va Ce)? fEMa(aiy vex) 


(6) 


III. Cosine Similarity Measure for Interval Valued 
Neutrosophic Sets. 

The existing cosine similarity measure is defined as the 
inner product of these two vectors divided by the product of 
their lengths. The cosine similarity measure is the cosine of 
the angle between the vector representations of the two 
fuzzy sets. The cosine similarity measure is a classic meas- 
ure used in information retrieval and is the most widely re- 
ported measures of vector similarity [19]. However, to the 
best of our Knowledge, the existing cosine similarity 
measures does not deal with interval valued neutrosophic 
sets. Therefore, to overcome this limitation in this section, a 
new cosine similarity measure between interval valued neu- 
trosophic sets is proposed in 3-D vector space. 


Let A be an interval valued neutrosophic sets in a universe 
of discourse X ={x}, the interval valued neutrosophic sets 


is characterized by the interval of membership [Ty , T/ ] 
,the interval degree of non-membership [ F oe , F 7 ] and the 


interval degree of indeterminacy [1X , 14 ] which can be 


considered as a vector representation with the three ele- 
ments. Therefore, a cosine similarity measure for interval 
neutrosophic sets is proposed in an analogous manner to the 
cosine similarity measure proposed by J. Ye [18]. 


Definition 3.1 :Assume that there are two interval neutro- 
sophic sets A and B in X ={x,, X,,..., x, } Based on the ex- 
tension measure for fuzzy sets, a cosine similarity measure 


between interval valued neutrosophic sets A and B is pro- 


posed as follows: 
Aa OE BOG) Fae Abe) aaa OE OG) 


, | (AT, (%;))° HAL, (;))? HAF 4 (;))” y (AT (x; ))- +( AT g (4) HAF (24) 
(7) 


ln 
nN i=l 


Where 
AT ,(x;) =T a (%;) +T 7 (4) , ATg(x;) =Ty (4) +T 3 (%;) 
Al (%;) =14(%;) +14 (x) , Aly (x) =15 (x) + 13 (%) 


i 


And AF ,(x,)=F/(x,) + FY (x), 
AF, (x;)=F x (4;)+ Fp (x) 


Proposition 3.2 
Let A and B be interval valued neutrosophic sets then 
i O<Cy(A,B) <1 
li. Cy (A,B) =Cy(B,A) 
ii. Cy(A,B) =1 if A=Bie 
Ty (x;) =Tg (xj) , Ta (%;) =Tg %) 
1 @)=1,C;),7, G)=1, Gand 
F(Gy=F, OF, Ge) =F, Ge) for 1-1) ,..6n 
Proof : (i) it is obvious that the proposition is true 
according to the cosine valued 


(ii) it is obvious that the proposition is true. 
(411) when A =B, there are 


Ty (x;) =Ty (x)) Ts (4) = Tp (%)) 

14 (x;) =1 3 (x;), 14 (x) = 1g (x) and 

Fy (x,) =F pq (x;), Fy (4;,) =F (x) for i=1,2,....,n 

, 90 there is Cy (A,B) =1 

If we consider the weights of each element x;, a weighted 


cosine similarity measure between IVNSs A and B is given 
as follows: 


Cy (AsB) = 2 $iyy, ATACDAT a) + AL (Alp Ca) + AF 4 AFH) 


nia * , (AT 4 (4;)) +(AL 4 (4) HAF 4 (4) F (AT (x;))°+( Al g (4;))° HAF (4) 


(8) 





Where w, & [0.1] ,i =1,2,...,n ,and Sw, =1., 
i=l 


If we take w, a2 Al 
n 


=1,2,....n , then there is Cyy (A, B) 


The weighted cosine similarity measure between two 
IVNSs A and B also satisfies the following properties: 


i 6 O< Cy (A,B) < 1 
li. Cy (A, B) =Cyy (B, A) 
ill. Cyy (A,B) =1 if A=Bi.e 
Ty () = Ty 4) Ty (4)) =Tp 0) 

14 (x;) =1 5 (x;), 14 (x) = Tg (x;) and 
Fx (x) = Fy (x), Fi () = Fy (x) for i=1,2,....,n 
Proposition 3.3 
Let the distance measure of the angle as d(A,B)= arcos 


Cy (A, B) ,then it satisfies the following properties. 
i. d(A,B) 2 O, if O< Cy(A,B) < 1 
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ii. d(A, B) =arcos(1) =0, if C, (A,B) =1 

iii, d(A,B)=d(B, A)if Cy(A,B) = Cy (B,A) 

iv. d(A,C) < d(A, B)+d( B,C) if Ac Bc Cfor 
any interval valued neutrosophic sets C. 

Proof : obviously, d(A,B) satisfies the (i) — (iii). In the 
following , d(A,B) will be proved to satisfy the (iv). 

For any C={x;},A ¢ B Cc C since Eq (7) is the sum 
of terms. Let us consider the distance measure of the angle 
between vectors: 

d; (A(x; ), BC x; )) = arcos( Cy (AC x; ), BCX; )), 


d; (B(x; ), C(x; )) = arcos( Cy (B(x; ), C(x; )), and 
d. (AC x; ), C(x; )) = arcos(Cy (AC x; ), C(x; )),, for 1=1, 
2, ..,n, where 


Ch eS AT Ai) ATR aj) + ALA i) ATR ai) + AFA Oi) AFB AG) 


n pa 2 2 2 2 2 2 
i=1 ¥ AT.) +(AT 4 (%;)) HAF’, (%;)) y T(x) +( Al p(x; )) HAF (%;)) 
(9) 


Cn (B,C) _t y ATR (x) ATC (xj) + Al Bx ATC (03) + AFB AFC (4) 


7 j=] J AT (a) HAL) HAF (4) J ATCO) HATO) HAF)? 
(10) 

Gao 3 ATA ATC Oj) + ATA) ATC 5) + AFA OD) AFC 4) . 

7 j= J ATA) HAL, DP HAF)? J AT oO) HATCH) HAF oC)? 


(11) 


For three vectors 
AC x = <x5. LT, G) Te ) 1. 1 iG) > TE @) 1, 
[Fs 2, Ole 


Bey) =< [iG@).% Lea. 4G) IL 
[ Fe (x;), Fr (x;)] > 


C(x, ) = < [ Tet). Te) 1, Le). Te) 1, 
[Fa Fe (x;)] >in a plane 


If A(x, ) cB (x,)c C (x;) G=I, 2,..., n), then it is obvi- 
ous that d(A(x;), C(x;)) < d( AC), BCa;)) + dBC;), 
C(x; )), According to the triangle inequality. Combining 


the inequality with E.q (7), we can obtain d(A, C) < d(A, 
B) + d(B, C). Thus, d(A,B) satisfies the property (iv). So we 
have finished the proof. 


IV. Comparison of New Similarity Measure with the 
Existing Measures. 


Let A and B be two interval neutrosophic set in the 
universe of discourse X={ x, ,X>,...,x, }. For the cosine 


similarity and the existing similarity measures of interval 
valued neutrosophic sets introduced in [5, 21], they are 
listed as follows: 


Pinaki’s similarity I [21] 
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Spy a 
> nin fr ,(x;) -Tp(x;) + min {f 4(x;) -Tp(a,)}+ min {Fy (x;)- Fe (x) 


> fax {1 4(.x;) -Tp(x,) $+ max {I 4(x,) Tp (a) }+ max {Fy (x;) Fp (x) 
i=l 


(12) 


Also ,P. Majumdar [21] proposed weighted similarity 
measure for neutrosophic set as follows: 


n 


WME A) tO haat) F(x) > Fp (%;)) 


Spy == 


Max(w, Ty (3) +T aC) +Ta() 


w, Ty (Xi) Ha iY +Fa iY" >) 


(13) 


Where, Sp, ,Sp;; denotes Pinaki’s similarity I and Pinaki’s 
similarity II 
Ye’s similarity [5] is defined as the following: 


Sy. (A, B) = 1- 

linf T),(x;) —inf T, (x;)| + |sup 7, (x;) — sup Tp (x;)| 
Dw; + inf I, (x;)—inf ip (x;)|-+|sup Z4 (x;) — sup Zp (x) 

+ inf F,(x;)—inf Fy (x;)| +|sup Fy (x;) — sup Fy (x;)| 

(14) 

Example 1: 
Let A= {<x, (0.2, 0.2 0.3)>} and B= {<x, (0.5, 0.2 0.5)>} 
Pinaki similarity I = 0.58 
Pinaki similarity Il (with w, =1) = 0.29 
Ye similarity (with w, =1) = 0.83 
Cosine similarity Cy (A,B) = 0.95 
Example 2: 


Let A= {<x, ({0.2, 0.3], [0.5, 0.6] ,[ 0.3, 0.5])>} and B{<x, 
({0.5, 0.6], [0.3, 0.6] ,[0.5, 0.6])>} 


Pinaki similarty I= NA 

Pinaki similarty H (with w, =1)=NA 
Ye similarity (with w; =1) =0.81 
Cosine similarity Cy (A, B) = 0.92 


On the basis of computational study. J.Ye [5] have shown 
that their measure is more effective and reasonable .A simi- 
lar kind of study with the help of the proposed new measure 


Said Broumi and Florentin Smarandache Cosine Similarity Measure of Interval Valued Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 5, 2014 


based on the cosine similarity, has been done and it is found 
that the obtained results are more refined and accurate. It 
may be observed from the example | and 2 that the values 
of similarity measures are more closer to | with Cy, (A, B) 
,the proposed similarity measure. This implies that we may 
be more deterministic for correct diagnosis and proper 
treatment. 


V. Application of Cosine Similarity Measure for Inter- 
val Valued Neutrosophic Numbers to Pattern Recogni- 
tion 


In order to demonstrate the application of the proposed 
cosine similarity measure for interval valued neutrosophic 
numbers to pattern recognition, we discuss the medical 
diagnosis problem as follows: 

For example the patient reported temperature claiming that 
the patient has temperature between 0.5 and 0.7 severity 
/certainty, some how it is between 0.2 and 0.4 
indeterminable if temperature is cause or the effect of his 
current disease. And it between 0.1 and 0.2 sure that 
temperature has no relation with his main disease. This 
piece of information about one patient and one symptom 
may be written as: 

(patient , Temperature) = <[0.5, 0.7], [0.2 ,0.4], [0.1, 0.2]> 
(patient , Headache) = < [0.2, 0.3], [0.3 ,0.5], [0.3, 0.6]> 
(patient , Cough) = <[0.4, 0.5], [0.6 ,0.7], [0.3, 0.4]> 
Then, P= {< x,, [0.5, 0.7], [0.2 ,0.4], [0.1, 0.2] >, < 
x,  , [0.2, 0.3], [0.3, 0.5], [0.3, 0.6] > .< x;, [0.4, 0.5], 
[0.6 ,0.7], [0.3, 0.4]>} 


And each diagnosis A; (1=1, 2,3) can also be represented 
by interval valued neutrosophic numbers with respect to all 
the symptoms as follows: 

= {< x,, [0.5, 0.6], [0.2 ,0.3], [0.4, 0.5] >, < x,, [0.2 , 
0.6 ], [0.3 ,0.4 J], [0.6 , 0.7]>,< x3, [0.1, 0.2 J, [0.3 ,0.6 ], 
[0.7, 0.8]>} 


= {< x,, [0.4, 0.5], [0.3, 0.4], [0.5, 0.6] >, < x, , [0.3, 
0.5 ], [0.4 ,0.6 J, [0.2, 0.4]>, < x;, [0.3, 0.6 ], [0.1, 0.2], 
[0.5, 0.6]>} 


= {< x,, [0.6, 0.8], [0.4 0.5], [0.3, 0.4]>, <x, , [0.3, 0.7 

], [0.2, 0.3], [0.4, 0.7]> ,< x3, [0.3, 0.5 J, [0.4, 0.7 J, [0.2, 
0.6]>} 

Our aim is to classify the pattern P in one of the classes 

A, , A, , A; According to the recognition principle of max- 


imum degree of similarity measure between interval valued 
neutrosophic numbers, the process of diagnosis A, to pa- 


tient P is derived according to 
k= arg Max{ Cy(A,,P))} 


from the previous formula (7) , we can compute the co- 
sine similarity between A, (i=1, 2, 3) and P as follows; 
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Cy (A;,P) =0.8988, Cy(A;,P) =0.8560, 
=0.9654 


CAP) 


Then, we can assign the patient to diagnosis A, (Typoid) 
according to recognition of principal. 


VI. Conclusions. 

In this paper a cosine similarity measure between two and 
weighted interval valued neutrosophic sets is proposed. 
The results of the proposed similarity measure and existing 
similarity measure are compared. Finally, the proposed 
cosine similarity measure is applied to pattern recognition. 
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Abstract: This paper deals with the problems faced 

by Hiras in West Bengal in order to find its 
solutions using  neutrosophic cognitive 
Florentin Smarandache and Vasantha Kandasamy 
studied neutrosophic cognitive map which is an 
extension of fuzzy cognitive map by incorporating 
indeterminacy.Hijras is considered as neither man nor 
woman in biological point of view. They are in special 
gender identity (third gender) in Indian society. In their 
daily life, they have to face many of problems in social 


maps. 


aspects. Some of the problems namely, absence of social 
security, education problem, bad habits, health problem, 
stigma and discrimination, access to information and 
service problem, violence, Hijra community issues, and 
sexual behavior problem are considered in this study. 
Based on the expert’s opinion and the notion of 
indeterminacy, we formulate neutrosophic cognitive 
map. Then we studied the effect of two 
instantaneous state vectors separately on connection 
matrix E and neutrosophic adjacency matrix N(E). 


Keywords: Fuzzy cognitive map, neutrosophic cognitive maps, indeterminacy, instantaneous state vector, Hijras 


Introduction 


The Hijra existence is deeply rooted in Indian culture. 
The great epic Ramayana references a third gender, neither 
male nor female, as individual whom Lord Rama blesses. 
Other Indian religious texts, including the Mahabharata, 
mention the additional examples of male deities adopting 
the female form and vice versa. It is important to notice 
that the ancient stories legitimize the Hijra existence and 
offer ample evidence of the profound spiritual connection 
with the Hijras. Ancient stories depicts that Hijras like to 
maintain their feminine identity. As a result, Hijras adhere 
to a Strict, institutionalized code of conduct that defines the 
Hijra value system and way of life. Hijras are transgender 
male-to-female transitioned individuals. Their community 
does not include the individuals who change their sex from 
female to male or male to female. 

The popular understanding of the Hijra as an 
alternative sex and gender is based on the model of the 
hermaphrodite, a person having both male and female sex 
organ. 

The linguistic evidence suggests that Hijras are mainly 
thought of as more female than male. The word Hira is a 
masculine noun, most widely translated into English as 
eunuch or hermaphrodite. Both these words reflect sexual 
impotence, which is understood in India to mean a physical 
defect impairing sexual function. It 1s widely believed in 
India that a man who has continued sexual relations in the 
receiver role will lose sexual vitality in his genitals and 


become impotent. It is sexual impotence (with women), 
then, and not sexual relations with men that defines the 
potential Hijra. Hijras identify themselves as incomplete 
men in the sense that they do not have desires for women 
that other men do. They attribute this lack of desire to a 
defective male sexual organ. Hira role is defined 
biologically as a loss of virility, or as "Man minus man”. 
Thus, Indian emic sex and gender categories of Hijra 
collapse the tic categories of (born) hermaphrodites and 
eunuch. While ambiguous male genitalia serve as the most 
important culturally defined sign of the Hira, in practical 
terms any indication of a loss of masculinity, whether 
impotence, effeminate behavior or desire for sexual 
relations with men in the receptor role, may be taken as a 
sign that one should join the Hiyras. 

Hijras are important part of our society. The central 
problem of a Hijra is the absence of social security. The 
other day to day problems are mental health, stigma and 
discrimination, access to information and_ services, 
violence, Hijra community issues, sexual behavior, and 
physical health problems. They are working under 
unsecured environment or work culture (short dance to 
take new born baby, clapping, biting dhol, collecting food, 
dresses forcefullyroo, etc. Sometimes they are seen in 
begging in train (local, passenger, express), begging in 
buses (local, express, long root ). Some times they are seen 
snatching money bags or other things to protest the 
misbehavior of the passengers. They experience very 
inhumen situation in thier work place because of 
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misconception of the common people about the Hijras. On 
the other hand, Hijras are engaged in an old singing and 


dancing culture, acting, film producing, social activities etc. 


Political scientist Robert Axelrod introduced the 
concept of cognitive maps (CMs) in 1976. He applied it 
in political science. Axelrod developed CMs, 1.e. signed 
digraphs designed to capture the causal assertions of an 
individual with respect to a certain domain and then 
applied them in order to analyze the effects of alternatives, 
e.g. policies, business decisions, etc. upon certain goals. A 
cognitive map comprises of only two basic types of 
elements namely, nodes and edges. Nodes represent 
variable concepts and edges represent causal connections. 
In the field of cognitive maps, the concept of fuzzy set 
theory introduced by Zadeh was introduced by B. Kosko in 
1986[3]. F. Smarandache and Vasantha Kandasamy [15] 
widely studied neutrosophic cognitive map (NCM) which 
is the extension of fuzzy cognitive map by incorporating 
indeterminacy. Chakrabarti and Pramanik [18] studied the 
problems of construction workers in West Bengal based on 
NCM. The concept of neutrosophic logic plays a vital 
role in several real life problems like law, information 
technology, stocks and share etc. Hujras’ problem in 
West Bengal is one of the major problems in India. 
Nowadays, Hijras have to face many problems in their day 
to day life, although they are important part of our society. 
Some of the problems are discussed in the present study. 
The present study was done among 36 Hijras in West 
Bengal. Major problems of Hijras are absence of social 
security, mental health, stigma and _ discrimination, 
access to information and services, violence, regional 
issues, sexual behavior, and physical health problems. 
Rest of the paper is presented in the following way. 
Section II describes the preliminaries of NCM. Section III 
presents the method of finding hidden pattern. Section IV 
is devoted to present the modeling the problems of Hijras 
using NCM. Section V presents conclusions and future 
work. 


Section Il 
Mathematical preliminaries: 


Definition: 2.1 Neutrosophic graph: A Neutrosophic 
graph refers to a graph in which at least one edge is an 
indeterminacy denoted by dotted lines. 

Definition: 2.2 Neutrosophic directed graph: A 
neutrosophic directed graph is a directed graph which has 
at least one edge to be indeterminacy. 

Definition: 2.3  Neutrosophic oriented graph: A 
neutrosophic oriented graph refers to a neutrosophic 
directed graph having no symmetric pair of directed 
indeterminacy lines. 

Definition: 2.4 Neutrosophic Cognitive Map 
(NCM): An NCM refers to a neutrosophic directed 
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graph with concepts like policies, events etc. as nodes 
and causalities or indeterminate as edges. It reflects the 
causal relationship between concepts. Let us suppose that 
C,, Cs,..., CQ, represent k nodes. Also let each node be a 
neutrosophic vector from neutrosophic vector space V. So 
a node C;,(j = 1, 2, ..., k) can be represented by (xj, Xo, 
...) Xk) Where x;’s are zero or one or I (I represents the 
indeterminacy) and x; = | means that the node C; 1s on state 
and x;= 0 implies that the node is in the off state and x;= I 
means the node is an indeterminate state at that time or in 
that situation. Let C,, and C, denote the two nodes of the 
NCM. The directed edge from C,, to C, represents the 
causality of C,,on C, called connections. Every edge in the 
NCM is weighted with a number in the set {-1, 0, 1, I}. Let 
Onn denote the weight of the directed edge C,,C,, Oma €{-1, 
O, 1, I}. 

Onn= O if C,, does not have any effect on Cy, 

Omn= 1 if increase (or decrease) in C,, causes increase 
(or decreases) in C,, Omn=—! if increase (or decrease) in C,, 
causes decrease (or increase) in C,. 

Omn= I if the relation or effect of C,, on C, is an 
indeterminate. 

Definition: 2.5 

NCMs with edge weight from the set {-1, 0, 1, I} are 
called simple NCMs. 

Definition: 2.6 

Let C,, Co,..., CQ. be the nodes of a NCM. Let the 
neutrosophic matrix N(E) be defined as N(E) =(Omn), where 
Omn 1S the weight of the directed edge CyC,, where Om, 
E€{-1, 0, 1, I}. NCE) is called the neutrosophic adjacency 
matrix of the NCM. 

Definition: 2.7 

Let C;, Co, ..., C, denote the nodes of the NCM. 
Let A = (0, ,..., G2 , &), Wherea, E{0, 1, I}. A is 
called the instantaneous state neutrosophic vector and it 
denotes the on — off — indeterminate state position of the 
node at an instant 

O m= 0 if a,is off (no effect) 

On= 1 if O,1s on (has effect 

Or= I if OG, is indeterminate (effect cannot be 
determined) for m = 1, 2,..., k. 

Definition: 2.8 
__ TLet_C,,,C,_..., C,__be the nodes_of the NCM. Let 
C Cys CoC,, C,C,, C,C, ,..., CC, be the edges of 
the NCM. Then the edges constitute a directed cycle. 

An NCM is said to be cyclic if it possesses a directed 
cyclic. An NCM is said to be acyclic if it does not possess 
any directed cycle. 

Definition: 2.9 

An NCM having cycles is said to have a feedback. 
When there exists a feedback in the NCM 1.e. when the 
causal relations flow through a cycle in a revolutionary 
manner the NCM is termed a dynamical system. 
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Definition 2.10, _— » _ 

Let CC, ; C,C,, C3C,, CyC, F.sthok kes C,_1C, be a 
cycle, when C,, is switched on and if the causality flows 
through the on and if the causality flows through the edges 
of a cycle and if it again causes C,, then the dynamical 
system goes round and round. This is true for any node Cy, 
form = 1, 2,..., k. The equilibrium state for this dynamical 
system is termed the hidden pattern. 

Definition 2.11 

If the equilibrium state of a dynamical system is a 
unique state vector, then it is called a fixed point. Consider 
the NCM with C,, C5, ..., CQ, as nodes. 

For example, let us start the dynamical system by 
switching on C;. Let us assume that the NCM settles down 
with C, and C, on, 1.e. the state vector remain as (1, 0,..., 
1). This neutrosophic state vector (1, 0,..., 0, 1) 1s termed 
the fixed point. 

Definition 2.12 

If the NCM settles with a neutrosophic state vector 
repeating in the form: 

A; —~ Ao >... —~ Amo Aj, then this equilibrium is 
called a limit cycle of the NCM. 


Section Ill 
Determining the Hidden Pattern 


Let C,, Cs, ..., Q be the nodes of an NCM with 
feedback. Let us assume that E be the associated adjacency 
matrix. We find the hidden pattern when C, is switched on 
when an input 1s provided as the vector A, = (1, 0, 0,..., 0), 
the data should pass through the neutrosophic matrix N(E), 
this is performed by multiplying A, by the matrix N(E). 
Let A,N(E) 

=( 04, Q2.... @ ») with the threshold operation that is by 
replacing O,by 1 if a,> p and a, by 0 if an< p (p—a 
suitable positive integer) and 0, by 1 if a, 1s not an integer. 
The resulting concept is updated; the concept C, is 
included in the updated vector by transforming the first 
coordinate as 1 in the resulting vector. Suppose 
A,N(E) —> Ag, then consider A,N(E) and repeat the same 
procedure. The procedure is repeated till we get a limit 
cycle or a fixed point. 


Section IV 


Modeling of the problems of the Hijras in West 
Bengal using NCM 


To assess the impact of problems faced by Hijras in the 
age group 14-45 years, data was collected from 36 Hijras 
in West Bengal. Based on linguistic questionnaire and the 
expert’s opinion, we have considered the following 
concepts as {C,, Cy, C3, Cy, Cs, Co, Cy, Cg, Co,}. The 
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following nodes are considered as the main nodes for the 
problem. 

C,- Absence of social security: 

Hijras are in lack of employment support, poor access 
to government welfare schemes, problems in accessing 
BPL cards, ration cards and in opening bank accounts. 
Maximum Hyras are in low income level, low social status 
and low family bonding. Their process of earning money 1s 
very uncertain. 

C,-Education problem: Hijras belong to the third sex. 
In their school life they have to face much mental 
harassment from other companions. They have minimum 
social sympathy and empathy. 

C3-Bad habits: It includes smoking (bidi, cigarate etc), 
consumption of pan masala, gutka and addiction of drugs. 
They clap anywhere for their special identity. They 
demonstrate odd behaviors such as indicating their 
undeveloped sex organ in public place, rebuking, using 
slangy language and expressions in public place when they 
are provoked. 

C,- Health problem: There is a lack of health services 
availability as well as accessibility. Stigma against these 
communities forced them to remain invisible most of the 
time. 

C;- Stigma and discrimination: It is observed that 
Hijras have to face stigma and discrimination in all 
walks of lives. There is a need to generate more advocacy 
material on these issues. Most people in larger society have 
little or no knowledge about Hijras. This resulted in myths, 
unfounded fears and stigma against them. 

C.- Access to information and _ service problem: 
There is lack of information about human rights and 
issues like sexual and reproductive health. In West Bengal, 
there is no scope of government service for Hiras till now. 

C;- Violence: There are cases of sexual harassment of 
Hijras by state related stake holders. Institutional violence: 
They have to face violence everywhere. Hijras are often 
physically forced into having unsafe sex. Larger 
community leaders often take irrational decisions against 
them. 

Cs- Hijra community issues: Hijras have closer knit 
community structures, but larger society is unaware about 
them. Hijra community leaders (Nayaks and Gurus) have 
total control over their communities. However, they do not 
necessarily possess information or the means for the 
development of their communities. The rigidity of their 
hierarchical community structure reflects that their Chelas 
(disciples or followers) could not question over their 
authority and suggest new ways of community 
development. 

Cy- Sexual behavior problem: Hijras cannot enjoy 
normal sex life. Many women look like Hijras who spend 
their lives as sex workers. So there is a risk of HIV 
infection and vulnerability to HIV. Risk is based on 
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personal behavior, but vulnerability is related to the social 
environment in which one lives. 

From NACO’s point of view, targeted intervention 
programs focused on groups practicing high-risk sexual 
and other behaviors are the most important aspect. But in 
real life situation, everyone bear a unique and individual 
identity. These unique identities are closely related to a 
social position or situation for each person and each group 
of people. For Hira sex workers, stigma and 
discrimination based on gender, sexuality and faith are part 
and parcel of their social situation, which increases their 
vulnerability to HIV. NACO has now acknowledged this 
situation. NACO is interested in observing how social 
inequities made each of these groups “differently 
vulnerable” to HIV. NACO also wants to make strategies 
in order to explore how these groups could be provided 
support in the form of safe spaces to combat the HIV 
epidemic. But pragmatic strategies can effectively made in 
order to deal the issues specific to Hijras if true picture of 
issues coming into light from the concerned Hijra 
community. 

However more number of conceptual nodes can be 
added by the expert or investigator. Now we give the 
directed graph as well as neutrosophic directed graph in the 
following figures Fig.l and Fig.2. Fig. 1 presents the 
directed graph with C;, C),...,Co as nodes and Fig.2 
presents the neutrosophic directed graph with the same 
nodes. 





—__» 


one way effect 
<M—> wo way effect 
Fig. 1 Fuzzy cognitive map 


The connection matrix E related to the graph in Fig.1 is 
given below: 
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Co 2 = 2 Oo Oo Cc 2 = 
oo Coco oOo | 2 oS = 
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Fig. 2 Neutrosophicve map 


The corresponding neutrosophic adjacency matrix 
N(E) related to the neutrosophic directed graph (see Fig.2) 
is given by the following matrix: 
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O11 1 1 11 0~=41 
001001 0 0 0 
00010 0 1 0 0 
00101 0tT1 041 
NE)=|0 0 0 0 0 1 0 0 I 
0010001 0 1 
00001 0 0 0 0 
1 1141000 0i%7 
010100 0 0 0 
Effect of two instantaneous’ state vectors 
separately on connection matrix E = and 
Neutrosophic adjacency matrix N(E) 
Case-I: 


Suppose we take the instantaneous state vector A)= (1 
00000000), the node “Absence of social security” is 
on state and all other nodes are off state. 

At first, we study the effect of A; on E. 

A,E=(011111101)3¢€111111101)=A, 

A.E=(023312203)370 11111101) =A;=A, 

According to the expert’s opinion, the node “Hira 
community issues” have no effect on the Hijras in absence 
of social security and vice versa and all other nodes are on 
State. 

Now we study the effect of A; on N(E). 

A \N(E)=(0 11111101)>5 

(111111101)=A, 

A N(E)=(0 2 3413 I+1 3 2+21 0 3+I) > 

(111111101)=A;=A, 

Thus according to the expert’s opinion if C, is on state 
then the nodes C5, C3, Cu, Cs, Ce, C7, Co are on state. 

Case-II: 

Again we take the state vector B, 

=(0000000 1 0), Hira community issues (node) is 
on state and all other nodes are in off state. We will see the 
effect of B; on E and on N(E). 

Now we find the effect of B},=(0 0 00000 1 QO) 
on E. 

B,E=(111100000)35€0 1110001 0)=B, 

B,E=(1 24302202)50 1110111 1)=B; 

B3E=(1 34422203)5(0 1110111 1)=By 

=B, 

Thus when the node “Hijra community issuses” is on 
state we see, “Stigma and discrimination” have no effect 
on the Hijras and all other nodes are on state. 

Now we find the effect of B}x=(0 000000 1 0) 

On M(E). 

B,M(E)=( 11100000)5(€1 11100010) =B, 

B.M(E)=(1 2 43 141 2 24+1 0 2+1 > 


25 


(11111111 1)=B; 
B3M(E)=(1 3 4414 1413 3+21 0 3+2I )> 
(11111111 1)=B.=B; 
Therefore, when the node Cg, is on state then the 
nodes C,, Cs, C3, Cu, Cs, Ce, C7, Co are on state. There is 
no nodes is on indeterminate state. 


Conclusion 


The problems of Hijras (Transgender) were studied 
based on NCM. It is noticed that if the Hijras 
(Transgender) are in social insecurity then they have to 
face educational problems and other factors like bad 
habits, health problem, access to information and 
service problem, violence, sexual behavior problems, 
stigma and discrimination. 


Again, when regional issues increase or is on state, the 
following nodes namely, absence of social security, 
education problem, bad habits, health problem, access to 
information and service problem, stigma and 
discrimination, violence, sexual behavior problems will 
increase or are on states. 

If new situation arises in the Hijras, new concepts need 
to be incorporated for modeling the problems of Hijras and 
that can be easily done by introducing new nodes. 

Supreme Court of India recognizes Hijra (transgender) 
as ‘third gender'(2014) [19]. However, government should 
implement the rights of Hira (Transgender) and 
government should provide them education regarding 
their profession in order to avoid any unplesant and 
unexpected situations. 
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Abstract. The purpose of this paper is to introduce new 
types of neutrosophic crisp sets with three types 1, 2, 3. 
After given the fundamental definitions and operations, 
we obtain several properties, and discussed the relation- 


ship between neutrosophic crisp sets and others. Also, we 
introduce and study the neutrosophic crisp point and neu- 
trosophic crisp relations. Possible applications to data- 
base are touched upon. 


Keywords: Neutrosophic Set, Neutrosophic Crisp Sets; Neutrosophic Crisp Relations; Generalized Neutrosophic Sets; 


Intuitionistic Neutrosophic Sets. 


1 Introduction 


Since the world is full of indeterminacy, the neutrosophics 
found their place into contemporary research. The funda- 
mental concepts of neutrosophic set, introduced by 
Smarandache in [16, 17, 18] and Salama et al. in [4, 5, 6, 7, 
8, 9, 10, 11, 15, 16, 19,20, 21], provides a natural founda- 
tion for treating mathematically the neutrosophic phenom- 
ena which exist pervasively in our real world and for build- 
ing new branches of neutrosophic mathematics. Neu- 
trosophy has laid the foundation for a whole family of new 
mathematical theories generalizing both their classical and 
fuzzy counterparts [1, 2, 3, 4, 23] such as a neutrosophic 
set theory. In this paper we introduce new types of neutro- 
sophic crisp set. After given the fundamental definitions 
and operations, we obtain several properties, and discussed 
the relationship between neutrosophic crisp sets and others. 
Also, we introduce and study the neutrosophic crisp points 
and relation between two new neutrosophic crisp notions. 
Finally, we introduce and study the notion of neutrosophic 
crisp relations. 


2 Terminologies 


We recollect some relevant basic preliminaries, and in par- 
ticular, the work of Smarandache in [16, 17, 18], and 
Salama et al. [7, 11, 12, 20]. Smarandache introduced the 
neutrosophic components T, I, F which represent the 
membership, indeterminacy, and non-membership values 


respectively, where |-0 ris nonstandard unit interval. 


Definition 2.1 [ 7] 


A neutrosophic crisp. set (NCS_ for © short) 


A= (A;, Ay, As } can be identified to an ordered triple 
(A,, Ay, A3) are subsets on x and every crisp set in X 1s 
obviously a NCS having the form (A,, A), A;} , 


Salama et al. constructed the tools for developed neu- 
trosophic crisp set, and introduced the NCS @,,Xy in X 


as follows: 
~, may be defined as four types: 


i) Typel: dy = (¢, ,X), or 
ii) Type2: gy = (9, X,X), or 
ili) Type3: oy = (g, X 0), or 
iv) Type4: by =(¢.9,9) 
1) Xy may be defined as four types 
1) Typel: X y = (X,¢, 0), 
11) Type2: X y = (X, X,), 
iii) Type3: X y =(X,X,¢), 
iv) Type4: Xy =(X,X,X), 


Definition 2.2 [6, 7] 
Let A= (A , Ap, A3) a NCS onX , then the comple- 


ment of the set A (A‘* , for short ) may be defined as 
three kinds 
(C,) Typel: A‘ =(A%,A°2,A°s), 


(C,) Type2: A® =(A3, Ay, Ay) 
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(C,) Type3: A‘ =(A3,A°2, A; } 


Definition 2.3 [6, 7] 

Let X beanon-empty set,and NCSS A and B in 
the form A = (A\, A), A;), B =(B,,B),B;) , then we may consid- 
er two possible definitions for subsets (A Cc B ) 

(A cB) may be defined as two types: 
1) Typel:ACBSA CB,A CB, and A, DB, or 
2) Type2: ACBSA, CBA, DB, and A, DB,. 


Definition 2.5 [6, 7] 
Let X be anon-empty set, and NCSs A and B in 
the form A = (A, A), A;) , B = (B,,B,B;) are NCSS Then 
1) Af)B may be defined as two types: 
1. Typel: ANB= (A, 1 B,, A, OB, Az U Bs) or 
ii. Type2: AN B= (A, OB, Ay UB), A3 UBS) 
2) AUB may be defined as two types: 
i) Typel: AUB =(A, UB), A) 7 By, A; U B3) OF 
ii) Type2: AUB = (A, UB, Ay 0 By, As 0 Bs) 


3 Some Types of Neutrosophic Crisp Sets 

We shall now consider some possible definitions for some 

types of neutrosophic crisp sets 

Definition 3.1 
The object having the form A =(A,,A,,A;) is called 

1) (Neutrosophic Crisp Set with Type 1) If satisfy- 
(NCS-Typel for short). 

2) (Neutrosophic Crisp Set with Type 2 ) If satisfy- 
ing Ay NA, =9, A, NA; =@ and A, NA; =@ and 
A, UA, UA; = X. (NCS-Type2 for short). 

3) (Neutrosophic Crisp Set with Type 3 ) If satisfy- 
ing A; VA, VA; =@ and A, UA, UA; =X. 
(NCS-Type3 for short). 

Definition 3.3 

1) (Neutrosophic Set [9, 16, 17]): Let X be a non- 
empty fixed set. A neutrosophic set ( NS for short) A 
is an object having the form A= (4 (X),04(%),V 4 (x)) 
Where LU, (x), omn (x) and V, (x) which represent the 
degree of membership function (namely uw, (x) ), the 
degree of indeterminacy (namely o , (x)), and the de- 
gree of non-member ship (namely v, (x)) respectively 


of each element xe X to the set A where 
O° < 4 (x),0,4(*),V4(x) <1" 


O-< u,(x)+o0,(x)+v,4(x) <3". 


and 
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2) (Generalized Neutrosophic Set [8] ): Let X be a 
non-empty fixed set. A generalized neutrosophic 
(GNS for short) set A is an object having the form 


A= (x, 4 (x),0,4(x),V4(x)) Where pL, (x), om (x) and 
VA (x) which represent the degree of member ship 
function (namely Lv, (x) ), the degree of indeterminacy 
(namely o, (x) ), and the degree of non-member ship 
(namely v , (x)) respectively of each element x € X to 
the set A where 0° <w,(x),0,4(x),V4(x) <1" and 
the functions satisfy the 
La (x) om (x) Va (x)< 0.5 

0 <u,(x)+0,(x)+V,4(x) <3". 


condition 
and 


3) (Intuitionistic Neutrosophic Set [22]). Let X be a 


non-empty fixed set. An intuitionistic neutrosophic set A 
(INS for short) is an object having the form 


A= (14(x),04(x)Vq(a)) Where “4 (x),o4(x) and v4 (x) 
which represent the degree of member ship function 
(namely LW, (x) ), the degree of indeterminacy (namely 


oO, (x) ), and the degree of non-member ship (name- 
lyV4 (x) ) respectively of each element xe X to the set 
A where 0.5 < ut, (x),o0,(x),V,4(x) and the functions sat- 
isfy the La (x) O4 (x) =05, 
U(x) AV,(x)< 0.5, o (x) Av,(x)<0.5, 


and ~O< wy(x)+o,4(x)t+vy,(x)<2° . 


condition 


A neutrosophic 
crisp with three types the object A= (A), Ap, As) can be 
identified to an ordered triple (A;, Ay, A3) are subsets on 
Xx, and every crisp set in X is obviously a NCS having the 
form (A,, A>, A3). 

Every neutrosophic set A = (44(x),o4(x),V4(x)) on X_ is 
obviously on NS having the form (w,(x),o4(x),V4(%)) - 


Remark 3.1 

1)The neutrosophic set not to be generalized neutro- 
sophic set in general. 

2)The generalized neutrosophic set in general not intui- 
tionistic NS but the intuitionistic NS is generalized 
NS. 

Intuitionistic NS-———® __ Generalized NS ——~ NS 


GNS 
NS 
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Fig. 1. Represents the relation between types of NS 


Corollary 3.1 
Let X non-empty fixed set and A= (y4(x),04(x),V4(2)) 


be INS on X Then: 

1) Typel- AS of INS be aGNS. 
2) Type2- AS of INS be a INS. 
3) Type3- AS of INS be a GNS. 


Proof 
Since A INS then “2, (x), 0 4(%),V4(x) , and 


HMa(x)AG,4(X) S$ 0.5,V4(X) A Wy (X) $0.5 
V(X) AO,4(x) $0.5 Implies 
LS a(x),0° A(x), V° A(x) $0.5 then is not to be Typel- A‘ 
INS. On other hand the Type 2- A‘, 
AS =(v 4 (x), 04 (X), 4 (x)) be INS and Type3- A*, 
AC (v4(),0° A), H4(2)) and o 4(x) <0.5 implies to 


A‘ = (v4 (x), o° a(x), La (x)) GNS and not to be INS 


Example 3.1 
Let X = a, b, ae and A, B,C are neutrosophic sets on 


X, A=(0.7,0.9,0.8) \ a, (0.6,0.7,0.6) \ b, (0.9,0.7,0.8 \ c), 

B =(0.7,0.9,0.5) \ a, (0.6,0.4,0.5) \ b, (0.9,0.5,0.8 \ c) 

C =(0.7,0.9,0.5) \ a, (0.6,0.8,0.5) \ b, (0.9,0.5,0.8 \c) By the Def- 
inition 3.3 no.3 UM, (x) OA (x)A V4(x) 20.5, A be not 


GNS and INS, 
B =(0.7,0.9,0.5) \ a, (0.6,0.4,0.5) \ b, (0.9,0.5,0.8 \.c) not INS, 


where o , (b) = 0.4 < 0.5. Since 


p(X) A\Op(X) AVp(x) 50.5 then B isaGNS but not INS. 


A® = (0.3,0.1,0.2) \ a, (0.4,0.3,0.4) \ b, (0.1,0.3,0.2 \ c) 
Bea GNsS, but not INS. 
B® =(0.3,0.1,0.5) \ a, (0.4,0.6,0.5) \ b, (0.1,0.5,0.2 \ c) 
Be a GNS, but not INS, C be INS and GNS, 
C° = (0.3,0.1,0.5) \ a,(0.4,0.2,0.5) \b,(0.1,0.5,0.2 \c) 
Be a GNS but not INS. 


Definition 3.2 
A NCS-Typel OM : Xn, in X as follows: 
1) Pn, may be defined as three types: 
1) Typel: gy = (9, ~, X), or 
li) Type2: dy = (9, XxX, 0), or 


iii) Type3: dy = (0.9.9). 
2) Xj, may be defined as one type 
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Typel: Xv, =(X,9,9). 


Definition 3.3 
A NCS-Type2, $y, ,X yo in X as follows: 


1) Pv» may be defined as two types: 
1) Typel: dy, = (9, 9, X), or 


ii) Type2: dy, = (9, Xx, p) 
2) Xy, may be defined as one type 


Typel: Xv, = (X,¢, p) 
Definition 3.4 
A NCS-Type 3, @y3,X y3 in X as follows: 
1) yz may be defined as three types: 


i) Typel: dy; = (9.9. X ), or 
ii) Type2: @y3 = (g, X,¢), or 


iii) Type3: dy3 = (¢,X,X). 
2) Xj, may be defined as three types 


i) Typel: Xy3 = (X,¢, d), 
ii) Type2: X y3 = (X,X,d), 
iii) Type3: X yz =(X,4,X), 


Corollary 3.2 

In general 

1- Every NCS-Type 1, 2, 3 are NCS. 

2- Every NCS-Type | not to be NCS-Type2, 3. 

3- Every NCS-Type 2 not to be NCS-Typel, 3. 

4- Every NCS-Type 3 not to be NCS-Typez2, 1, 2. 

5- Every crisp set be NCS. 

The following Venn diagram represents the relation be- 
tween NCSs 


NCS-Type 1 





Fig 1. Venn diagram represents the relation between NCSs 


Example 3.2 
Let X = {a,b,c,d,e, f}, A=({a,b,c,d}, {e}.{f}), 


D = ({a,b}, {e,c},{f,d}) be a NCS-Type 2, 
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B = ({a,b,c},{d},{e}) be a NCT-Typel but not NCS- 
Type 2, 3. C = ({a,b},{c,d},{e, f,a}) be a NCS-Type 3.but 
not NCS-Typel, 2. 


Definition 3.5 
Let X be anon-empty set, A= (A , A>, A;) 
1)If A beaNCS-Typel onX , then the complement 
of the set A (A , for short ) maybe defined as one 
kind of complement Typel: A‘ = (Ag , A>, A,) : 
2) If A beaNCS-Type 2 onX , then the comple- 
ment of the set A ( A‘ , for short ) may be defined 
as one kind of complement A‘ = (Ag, Ap, A) 
3) If A be NCS-Type3 on X , then the complement 
of the set A ( A‘ , for short ) maybe defined as one 


kind of complement defined as three kinds of com- 
plements 


(C,) Typel: A‘ =(A1,A°2,A°s), 

(C,) Type2: A® =(A3, Ay, Ay) 

(C,) Type3: A‘ =(3,A°2,A;) 

Example 3.3 

Let X ={a,b,c,d,e, f}, A=({a,b,c,d},{e},{f}) bea 
NCS-Type 2, B= ({a,b,c}, {6}, {d,e}) be a NCS-Typel., 
C = ({a,b}, {c,d}, {e, f }) NCS-Type 3, then the comple- 
ment A = ({a,b,c,d}, {e},{f}). 

A‘ =({f},{e},{a,b,c,d}) NCS-Type 2, the complement 
of B = ({a,b,c},{9},{d,e}), BS = ({d,e},{9},{a,b,c}) 


NCS-Typel. The complement of 
Cea ({a, Db}, {c,d}, fe, f}) may be defined as three types: 


Type 1: C° =({c,d,e, f},{a,b,e, f},{a,b,c,d}) . 
Type 2: C° = ({e, f}.{a,b,e, f }.{a,b}) ; 

Type 3: C° =({e, f}.{c,d}.{a,b}) , 

Proposition 3.1 

Let \A peed i be arbitrary family of neutrosophic 


crisp subsets on X, then 
1) MA, may be defined two types as : 


1) Typel: OA, = (NAIL A,, UA), ) ,or 
ii) Type2: AA; =(MAj,UA;, VA; )- 


2) UA; may be defined two types as : 
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1) Typel: UA; = (VAI OA,, A, | or 


2) Type2: UA, =(U Aj, VA, A, | 


Definition 3.6 
(a) If B=(B,,B,,B,) 1s a NCS in Y, then the preimage 


of Bunder f, denoted by f~'(B),is a NCS in X 
defined by f"(B)=(f"(B), (By), f(B)} 

(b) If A=(A),A),A3) is a NCS in X, then the image 
of A under f, denoted by f(A), is the a NCS in 


Y¥ defined by f(A) =(f(A).£(4y).£(4))) } 


Here we introduce the properties of images and preimages 
some of which we shall frequently use in the following. 


Corollary 3.3 
Let A, {A,:ieJ}, be a family of NCS in X, and B, 


iB, jE K} NCS in Y, and f : X > Y a function. Then 
(a) A CA, > f(A) c f (Ad), 

B, CB, > f (BY) Sf (By), 

(b) Ac f '(f(A)) and if f is injective, then 

A= f (f(A) ), 

(c) f '(f(B)) cB and if f is surjective, then 

ff (B) )=B, 

(d) p(B) = "'(B), F(OB) = Of (B): 

(€) f(UA,) =Uf(ADs MOA) COP(A,); and if f is injec- 
tive, then f(AA,) =f (A,); 

(1) fy) =Xwe Sy) = Oy 

(2) f(dy) =y, f(Xy) =Yy. If f 1s subjective. 


Proof 
Obvious 


4 Neutrosophic Crisp Points 

One can easily define a nature neutrosophic crisp set in X, 
called "neutrosophic crisp point" in X, corresponding to an 
element X: 


Definition 4.1 
Let A= (A, A.A, ) ,be a neutrosophic crisp set on a 


set X, then p= (WP , {Po \ {D3 \\, Pi =P. # pz, €X is called 
a neutrosophic crisp point on A. 


A. A. Salamaand Florentin Smarandache, Neutrosophic Crisp Set Theory 


Neutrosophic Sets and Systems, Vol. 5, 2014 


A NCP p=({p;}.{P2}(P3})> iS said to be belong to a 
neutrosophic crisp set A=(A, A, ,A,) , of X, denoted 


by p € A, if may be defined by two types 
Type 1: {p,}c A;,{p2} GC A, and {p3}c A; or 
Type 2: {pj} C Aj, {p2} > A, and {p3}c A; 


Theorem 4.1 
Let A= (A yA sae ) and B = (B,, B, B;), be neutro- 


sophic crisp subsets of X. Then ACB iff p € Aimplies 
p € B for any neutrosophic crisp point p in X. 


Proof 
Let ACB and peA, Type 1: {p,;} c A,,{p.} Cc A, and 
{p3}C A, or Type 2: {p,} CA, {p.} DA, and {p,}c A, 
Thus p¢€B. Conversely, take any point in X. Let p, € A, 
and p, <A, and p,¢A,. Then pp is a neutrosophic 


crisp point in X. and peA. By the hypothesis pe B. 


Thus p,¢B, or Typel: {p,}oB,.{p2}cB, and 
{p3}c B,or Type 2: {p,}c B,,{p,}DB, and {p,} cB. 
Hence ACB. 

Theorem 4.2 


Let A= (A, ,A,,A, ) , be a neutrosophic crisp subset of 
X. Then A= Ulp :pe A}. 

Proof 

Obvious 

Proposition 4.1 

Let 1A, JE J} is a family of NCSs in X. Then 

(a, ) P=(Pi} {Po} Ps} =O A, iff p ¢A, for each 

Jed. 

(a7) p © UA, iff AjyeJ suchthat p €A,. 

Jed 
Proposition 4.2 
Let A=(A ,A_,A ) and B=(B ,B ,B be two 
1 2 3 1 2 3 

neutrosophic crisp sets in X. Then AC B iff foreach p 
we have p €A <p €B andforeach P we have 
p €A =p €éB.iff A=B_ foreach p we have 
p €A => péB andforeach p we have 
p €A Sp EB. 


Proposition 4.3 
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Let A= (A, ,A,,A, be a neutrosophic crisp set in X. 


Then A=U< {p, ao 2Ar Ds > Po eA. ps - P3 EAs}. 


Definition 4.2 
Let f : X —Y bea function and p be a neutrosophic 


crisp point in X. Then the image of p under f , denoted 
by f(p), is defined by f(p ) = ({q,}, {a2} 1a3}) » where 

gd, =f (P1),92 = f(p2) and gz = f(p3) -It is easy to see 
that f(p ) is indeed a NCP in Y, namely f(p)=4q, 
where g = f(p), and it is exactly the same meaning of the 


image of a NCP under the function f . 


Definition 4.3 
Let X be a nonempty set and p € X . Then the neutro- 
sophic crisp point py defined by py = (ph, —, {P}°) 1S 


called a neutrosophic crisp point (NCP for short) in X, 
where NCP is a triple ({only element in X}, empty set, {the 
complement of the same element in X }). Neutrosophic 
crisp points in X can sometimes be inconvenient when ex- 
press neutrosophic crisp set in X in terms of neutrosophic 


crisp points. This situation will occur if A = (A, AA, ) 


NCS-Typel, p ¢ A,. Therefore we shall define "vanish- 


ing" neutrosophic crisp points as follows: 

Definition 4.4 

Let X be anonempty set and pe X a fixed element 
in X Then the neutrosophic crisp set p Noe (4, {p}, {p}") 


is called vanishing" neutrosophic crisp point (VNCP for 
short) in X. where VNCP is a triple (empty set,{only ele- 
ment in X}, { the complement of the same element in X}). 


Example 4.1 

Let X ={a,b,c,d} and p=beX.Then 
Py =(1b}.ta.6.4)), Puy =(b. Oh lac.d)), 
P = ({b}. {a}, {d}). 


Now we shall present some types of inclusion of a neu- 
trosophic crisp point to a neutrosophic crisp set: 


Definition 4.5 
Let py = ({p}, ~, {p}" )is a NCP in X and 


A= (A, A.A, a neutrosophic crisp set in X. 
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(a) py is said to be contained in A (py €A for 
short ) iff p< A,. 

(b) Pyy be VNCP in X and A= (A, A ,A,) a neu- 
trosophic crisp setin X. Then Pj, is said to be contained 


in A (py, €A for short ) iff p ¢ A3. 


Remark 4.2 
Py and py are NCS-Typel 


Proposition 4.4 
Let 1A, jE J} is afamily of NCSs in X. Then 


(a,) Py Se iff py € A; foreach jeJ. 
(a2) Py, aca iff py, € A; foreach jeJ. 
(b,) Py oe iff Sj eJ such that py eA js 
(b, ) PN, so iff Sj ¢ J such that Pyy ene, 


Proof 
Straightforward. 


Proposition 4.5 

Let A=(A,,A,,A,) and B=(B,,B,,B,) are two 
iff for each 
Py Wwehave py €A & py €B and for each py, we 


neutrosophic crisp sets in X. Then ACB 


have py €A >py, €B. A=B iff foreach py we 
have py €A > py €B and for each py, we 
have py, €A & py, €B. 


Proof 
Obvious 
Proposition 4.6 


Let A= (A, ; A, ; A,) be a neutrosophic crisp set in X. 
Then A=(Utpy > Dn Ee ANU(UtLpay > Dn e A}). 


Proof 
It is sufficient to show the following equalities: 


Ay =(Up }: Py E AU(Ub: Paw e A}), A; =@ 
and A, (0 Py e ANalatp} Din < Aj) 


which are fairly obvious. 


Definition 4.6 
Let f: X — Y be a function and py be a nutrosophic 


crisp point in X. Then the image of p, under f , denoted 
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by f(py) is defined by f(pw)=({a} d, (a) 
whereg=f(p ). 
Let pyy be a VNCP in X. Then the image of Day 


under f, denoted by f(pyy), is defined by 


f (Py) = (4, CE (a) where g = f(p ). 

It is easy to see that f(p,) 1s indeed a NCP in Y, 
namely f(py)= qy Where g=/f(p ), and it is exactly 
the same meaning of the image of a NCP under he func- 
tion f . f(pPyy), 1s also a VNCP in Y, namely 
I (Pwn) = "nw Where q= f(p ). 


Proposition 4.7 
States that any NCS A 


form A=AUAUA , 
N NN NNN 


in X can be written in the 
where A=Ulpy > Pn A} 
N 


A=@y and A = UD ww > PN < A}. It is easy to show 

N NNN 

that, if A-(4,4.,4,) , then A=(A,,4,Af ) and 
1 2 3 N 


A =(@,A,,A3;). 
A =(9,A3,43) 

Proposition 4.8 

Let f :X —Y bea function and A=(A.,A,,A, ] bea 
neutrosophic crisp set in X. Then we have 


F(A)= f(AY f(A)USCA ). 
N NN NNN 


Proof 


This is obvious from A=AU AU A. 
N NN NNN 


Proposition 4.9 
Let A=(A ,A_,A ) and B=(B ,B ,B ) be two 
1 2 3 1 2 3 
neutrosophic crisp sets in X. Then 
a) ACB iff foreach py we have 


Py €A & py €B and foreach py we have 


Py €A > py, €B. 


b) A=B iff foreach Py we have 
Py €A => Py €B andforeach py we 
havepy, €A & py, €B. 


Proof 
Obvious 
Proposition 4.10 


Let A= (A, ,A,,A, ) be a neutrosophic crisp set in X. 


Then A=(Ulpy > Dn e ANU(Ul paw > DNN < A}). 
Proof 
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It is sufficient to show the following equalities: 
Ay =(Uip }: Py € AJU(U{B: Pyw < Aj) A, =¢ 
and As =(A{p 1°: py € AAP} : Pay € Af) 
which are fairly obvious. 


Definition 4.7 
Let f :X — Y bea function. 


(a) Let py be a neutrosophic crisp point in X. Then 


the image of py, under f , denoted by f(py), 1s defined 


by S(py)= (tabs ta}") «where g = f(p ). 
(b) Let pyy be a VNCP in X. Then the image of 
Pyy under f , denoted by f(pyy), is defined by 


f (Paw )= (0 gq}, (a\") , where g = f(p_). It is easy to see 


that f(py ) is indeed a NCP in Y, namely f(py)=qy., 


where g = f(p_ ), and it is exactly the same meaning of the 


image of a NCP under the function f . f(Pyy ) is also a 
VNCPin Y, namely f(Pyy)=9yy.where g=f(p ). 


Proposition 4.11 
Any NCS A in X 


form A=AUAUA 
N NN NNN 


A= and A =U e€ A;. It is easy to show 
: Pn nan ae PwNNn \ y 


can be written in_ the 
where A=Ulpy > Pn e A} 
N 


that, if A=(A,A,,A,) , then A=(x,A).9,45 ) and 
A= (20,42, A5)- 


Proposition 4.12 
Let f:X —Y bea function and A=(A,,A,,A,) bea 


neutrosophic crisp set in X. Then we have 
F(A) = f(AY fCA)USCA ). 
N NN NNN 


Proof 


This is obvious from A=AU AU A. 
N NN NNN 


5 Neutrosophic Crisp Set Relations 
Here we give the definition relation on neutrosophic crisp 
sets and study of its properties. 

Let X, Y and Z be three crisp nonempty sets 


Definition 5.1 

Let X and Y are two non-empty crisp sets and NCSS 
A and B inthe form A=(A;, A,,A3) on X, 
B= (B,,B,B;) on Y. Then 


1) The product of two neutrosophic crisp sets A and 
B is aneutrosophic crisp set A x B given by 
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AxB = (A, x By, Ay x B,, Ay x B;) on xX xVY . 
11) We will call a neutrosophic crisp relation 
Rc Ax B on the direct product X xY. 


The collection of all neutrosophic crisp relations on 
X xY is denoted as NCR(X x Y) 


Definition 5.2 
Let R be a neutrosophic crisp relation on X xY , then 


the of R is. donated by R! 
Rc AxBonxX xY then R! CBxAon YxX. 


inverse where 


Example 5.1 
Let X ={a,b,c,d}, A=({a,b}, {c}, {d}) and 


B= ({a}, {c},{d ,b}) then the product of two neutrosophic 
crisp sets given by 

Ax B = ({(a,a),(b,a)}, {(c,c)}, {(d,d),(d,b)}) and 

Bx A= ({(a,a),(a,b)}, {(c,c)}, {(d,d),(b,d)}) , and 

R, = ({(a,a)}.{(c,c)}, {(d,d)}),R, CAxBon XxX, 

Ry = ({(a,b)},.{(c,0)}, ((d,d),(b,d)}) Ry CBx Aon XxX, 


Ry =({(a,a)}.{(c.c)}.{(d.d)}) © Bx A and 


Ry =({(b,a}.{(c.0}.{(d,d),(d,b)}) CBX A. 
Example 5.2 
Let X = {a,b,c,d,e, f}, A=({a,b,c,d},{e}.{f}), 
D = ({a,b}, {e,c},{ f.d}) be a NCS-Type 2, 
B = ({a,b,c},{9},{d,e}) be a NCS-Typel. 
C = ({a,b},{c,d},{e, f }) be a NCS-Type 3.Then 
Ax D=({(a,a), (a,b), (b,a),(b,b), (6,5), (c,@), (6.5), (4,4), } (60 OLMS 1 FO}) 
DxC = ({(a,a), (a,b), (b, a), (b, b)}, (0), (¢, d), (c,0), (6 d)}, ((f,0), Ff), de), (d, f)}) 
We can construct many types of relations on products. 


We can define the operations of neutrosophic crisp re- 
lation. 


Definition 5.3 
Let R and § be two neutrosophic crisp relations be- 


tween X and Y for every (x,y)—¢ XxY and NCSS A and 
Bin the form A= (A), Ay, As) on X, B = (B,, By, B3) on Y 
Then we can defined the following operations 
1) Rc Smay be defined as two types 
a) Typel: RCS DA, CB, A, CB, Ase D Bs 
b) Type2:RCS SA, CB, Ape D Bos, 
B35 & Agr 
11) RUS may be defined as two types 
a) Typel:RUS 
= (Arp U Bis, Agr U Bos, Age 1 Bs ) 
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b)  Type2: 
RUS = (Air U Bis, Arg OBos, Azp O B35 ) « 
11) RS may be defined as two types 


a) Typel: RAS = (Air Bis, Arr VU Bos, Agr U Bss), 


b)  Type2: 

ROS = (Aig OBis > Arg O B25 > A3R U Bss ) - 
Theorem 5.1 
Let RR, S and Q be three neutrosophic crisp relations 


between X and Y for every (x, y)<_ X xY , then 
i) RCSS>R'cS™ 
ii) (RUS)'>RIUS". 
iii) (RAS)'SR'ASt. 
iv) (ry = R. 
v) RA(SUQ)=(RAS)U(ROQ). 
vi) RU(SAQ)=(RUS).A(RUQ). 
vil) If ScR,OcR,then SUQCR 


Proof 

Clear 

Definition 5.4 

The neutrosophic crisp relation J ¢ NCR(X x X), the 


neutrosophic crisp relation of identity may be defined as 
two types 

i) Typel:I ={<{Ax A},{Ax A},¢ >} 

i) Type2: [= \< {Ax A},¢,¢ >} 

Now we define two composite relations of neutrosoph- 
Ic crisp sets. 


Definition 5.5 
Let R be a neutrosophic crisp relation in X x Y , and § 
be a neutrosophic crisp relation in Y x Z . Then the compo- 
sition of R and§, Ro§S be aneutrosophic crisp relation 
in X x Z as a definition may be defined as two types 
1) Type l: 
RoS & (Ro S)(x, z) =AK< (Ay x By) p O(A2 X Ba) 5}, 
11) Type 2: 
RoS <> (RoS)(x, z) =AK< {(Ay x By) p U(Ag x Ba) sf 
Example 5.3 
Let X ={a,b,c,d}, A=({a,b}, {c}, {d}) and 
B= ({a}, {c},{d, b}) then the product of two events given 
by Ax B = ({(a,a),(b,a)}, {(c,c)},{(d,d),(d,b)}) , and 


Bx A= ({(a,a),(a,b)}, {(c,c)}, {(d,d),(b,d)}) , and 
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R, = ({(a,a)}.{(c,c)}.{(d,d)}),R; CAxBon XxX , 
Ry = ({(a,b)}.{(c,c)}, {(d.d),(b,d)}) Ry CBxAon XxX. 
Ryo Ry = U({(a,a)} 0 {(a,b)}.{(c.0)}, {(d,d)}) 
= ({b}.{(c,c)}, {(d,d)}) and 
I 4, = ({(a,a).(a,b).(b.a)}, {(a,a).(a,b).(b,a)}, {9}), 
I yy = ({(a,a).(a,b).(b.a)}, {9}, {9}) 
Theorem 5.2 
Let R be a neutrosophic crisp relation in X xY , and § 
be a neutrosophic crisp relation 
inYxZthen(ReS)!=S!'oR™?. 
Proof 
Let RC Ax BonXxyY thenR™! c BxA, 


S<cBxDonYxZ then S$! c DxB, from Definition 5.4 


and similarly we can / eye (x,Z) =1041(%,z) and J,4(%,2z) 


then (RoS)!'=S!oR! 
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1 Introduction 


In 1999,[9] Molodsov initiated the novel concept 
of soft set theory which is a completely new approach for 
modeling vagueness and uncertainty. In [6] Mayi et al. 
intiated the concept of fuzzy soft sets with some properties 
regarding fuzzy soft union , intersection, complement of 
fuzzy soft set. Moreover in [7,8] Mayji et al extended soft 
sets to intuitionistic fuzzy soft sets and Neutrosophic soft 
sets. 

Neutrosophic Logic has been proposed by 
Florentine Smarandache[14,15] which is based on non- 
standard analysis that was given by Abraham Robinson in 
1960s. Neutrosophic Logic was developed to represent 
mathematical model of uncertainty, vagueness, ambiguity, 
imprecision undefined, incompleteness, inconsistency, 
redundancy, contradiction. The neutrosophic logic is a 
formal frame to measure truth, indeterminacy and 
falsehood. In Neutrosophic set, indeterminacy is quantified 
explicitly whereas the truth membership, indeterminacy 
membership and falsity membership are independent. This 
assumption is very important in a lot of situations such as 
information fusion when we try to combine the data from 
different sensors. 

Yang et al.[16] presented the concept of interval 
valued fuzzy soft sets by combining the interval valued 
fuzzy set and soft set models. Jiang.Y et al.[5] introduced 
interval valued intuitionistic fuzzy soft set. In this paper we 
define interval valued fuzzy neutrosophic soft topological 
space and we discuss some of its properties. 


2 Preliminaries 


Definition 2.1[2]: 
A fuzzy neutrosophic set A on the universe of 
discourse X is defined as 
A=(x, T,(x),1, (x), F,(x)),x EX 
where I, /,F:4 — [0,1] and 
OST, (x) +1, (4) + F(x) 83 


Definition 2.2[3]: 

An interval valued fuzzy neutrosophic set (IVFNS 
in short) on a universe is an object of the form 
A bs T (x), I, (x), Fy (9) where 


T(x) = X —> Int ([0,1]) , In(x) = X — Int ({0,1]) and 
F(x) = X — Int ({0,1]) {Int({O,1]) stands for the set of all 
closed subinterval of [0,1] satisfies the condition 
VxexX, supT a(x) + supl,(x) + supFa(x) < 3. 


Definition 2.3[3]: 

Let U be an initial universe and E be a set of 
parameters. IVFNS(U) denotes the set of all interval 
valued fuzzy neutrosophic sets of U. Let AcE. A pair 
(F,A) is an interval valued fuzzy neutrosophic soft set over 
U, where F is a mapping given by F: A> IVFNS(U). 
Note : Interval valued fuzzy neutrosophic soft set is 
denoted by IVFNS set. 


Definition 2.4[3]: 

The complement of an INFNSS (F,A) is denoted 
by (F,A)° and is defined as (F,A)° = (F°, |A) where F°: [A 
— IVFNSS(U) is a mapping given by F*(e) = <x, Fr_¢)(x), 
(Tke)())", FR-e)(X) > for all xeU and ec—A, (Tee)(x))° = 
1 - Tee (x) = [1 - 1 F(e) (x), 1 - ! F(e) (x) ]. 


Definition 2.5[3]: 
The union of two IVENSS (F,A) and (G,B) over a 
universe U is an IVFNSS (H,C) where C = AUB,VeeEC. 







h 
, f e€ A-B 
P(e) Oot Be) > FF (ey 
7 h 
fi c(e) = + | ff ce B-A 
TE) Ge) FG ce) M 
h 
, Uf e€ ANB 
Oat CC hae ke 
where 
Tata) tr = max{T 2/4 (h),T ara (h)} : 
Lye o' L, = max{! a; ( he are) By 
Pa (h) = min{ Fe.) (h), Fara (h)} 


Definition 2.6[3]: 
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The intersection of two IVENSS (F,A) and (G,B) 
Over a universe U is an IVENSS (H,C) where 
C = AUB,VeeEC. 


h 


, Ff ee A-B 
Tae) OF Bey Fae 
- h 
Hole) = a , f ec B-A 
TE (e) 1 Ge) ™: Fein 
h 
, f e€ ANB 
T ii (ey (M) 1 Fe) Fay) 
where 
art ae Pach : 


ates 
lag) (A) = min{lz;.5( rae fein (h)). 
Fara(h) = —_ max{F 2/2) h),P Arar 


3. INTERVAL VALUED FUZZY 
NEUTROSOPHIC SOFT TOPOLOGY 


Definition 3.1: 

Let (Fa, E) be an element of IVFNS set over 
(U,E),P(Fa, E) be the collection of all INFNS subsets of 
(F,,E). A sub-family t of P(F,, E) is called an interval 
valued fuzzy neutrosophic soft topology (in short I[VFNS- 
topology) on (Fa, E) if the following axioms are satisfied: 


(1) (@a, E), (Fa, E) €t. 
Gi) (fk Ey/keK}Cr implies U (fk Byer 
keK 


(ii) If (f4, E), (ga, E) €t then (f,4, E) M (ga, E) €T. 

Then the pair ((Fa, E),t) 1s called interval valued fuzzy 
neutrosophic soft topological space (IVFNSTS). The 
members of t are called t-open IVFNS sets or open sets 


where O,:A>IVFENS(U) 1S defined as 
Mate) = {<x, [0,0],[0,0],[1,1]>:xeU, VeeA} and 
Fx:A>IVENS(U) 1S defined as 


Fa (e) = {<x, [1,1],[1,1],[0,0]>:xeU, VeeA}. 


Example 3.2: 

Let U={hy, ho, hz}, E= {e), e9, €3, ea}, A= {e), eo, e3}. 

(Fa, E) = {e; ={<h, [1,1], [1,1], [0,0]>, 

<h> [1,1], [1,1], [0,0]>, <hs [1,1], [1,1], [0,0]>} 

{e,={<h, [1,1], [1,1], [0,0]>, <h [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 

{e;={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 

(Qa, E) ={e; ={<h, [0,0], [0,0], [1,1 ]>, 

<h> [0,0], [0,0], [1,1]>, <hs [0,0], [0,0], [1,1]>} 

{e,={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 
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<hs [0,0], [0,0], [1,1]>} 
{e3={<h, [0,0], [0,0], [1,1]>, <hp [0,0], [0,0], [1,1]>. 

<hs [0,0], [0,0], [1,1]>} 
( f, .E) = {e:={<h; [0.5,0.6], [0.4,0.5], [0.2,0.3]>, 
<hy [0.4,0.5], [0.5,0.6], [0.0,0.1]>, <h3 [1,1], [1.1], [0,0]>} 
{e)={<h, [0.4,0.5], [0.5,0.6], [0.2,0.3]>, 
<hy [0.4,0.5], [0.7,0.8], [0,0]>, <hg [0,0], [0,0], [1,1]>} 
{e3={<h, [0,0], [0,0], [1,1]>, <hp [0,0], [0,0], [1,1]>, 
<h3 [0,0], [0,0], [1,1]>} 
( f; E) = {e,={<h; [0.3,0.4], [0.5,0.6], [0.1,0.2]>, 
<hy [0.6,0.7], [0.5,0.6], [0.2,0.3]>, <h3 [1,1], [1.1], [0,0]>} 
{e)={<h, [0.2,0.3], [0.4,0.5], [0.0,0.1]>, 
<hy [1,1], [1,1], [0,0]>, <hs [0,0], [0,0], [1,1]>} 
{e3={<hy [0,0], [0,0], [1,1]>, <hp [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>} 
( f; E) = {e:={<h, [0.3,0.4], [0.4,0.5], [0.2,0.3]>, 
<hy [0.4,0.5], [0.5,0.6], [0.2,0.3]>, <hs [1,1], [1.1], [0,0]> 
{e)={<h, [0.2,0.3], [0.4,0.5], [0.2,0.3]>, 
<hy [0.4,0.5], [0.7,0.8], [0,0]>, <hg [0,0], [0,0], [1,1]>} 
{e3={<h, [0,0], [0,0], [1,1]>, <hp [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>} 
( f; E) = {e,={<h, [0.5,0.6], [0.5,0.6], [0.1,0.2]>, 
<h; [0.6,0.7], [0.5,0.6], [0.0,0.1]>, <h3 [1,1], [1.1], [0,0]>} 
{e)={<h, [0.4,0.5], [0.5,0.6], [0.0,0.1]>, 
<hy [1,1], [1,1], [0,0]>, <h3 [0,0], [0,0], [1,1]>} 
{e3={<h, [0,0], [0,0], [1,1]>, <hp [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>}. 


Here t={(Qs, E), fa EB) ( fa Bs ( fa ©), 
(f;.E) « f{ .B)} of Ps, E) is a IVENS topology on 
(Fa, E) and ((Fa, E), tT) is an interval valued fuzzy 
neutrosophic soft topological space. 

Note: The subfamily t,={(@,, E), (Fa, EB), ( f, E), 


(f; .E), (f; ,E)} of P(Fa, E) is not an interval valued 
fuzzy neutrosophic soft topology on (Fa, E) since the union 
(fi ,E) U( t. ,E)= aa ,E) does not belong to 7. 


Definition 3.3: 

As every IVENS topology on (Fa, E) must contain 
the sets (4, E) and (Fa, E), so the family t={(@a, E), 
(Fx, E)} forms an IVFNS topology on (Fa, E). This 
topology is called indiscrete IVFNS- topology and the pair 
((Fa, E), t) is called an indiscrete interval valued fuzzy 
neutrosophic soft topological space. 
Theorem 3.4: 

Let {t;;1¢I} be any collection of IVFNS-topology 


on (Fa, E). Then their intersection (zc, is also a topology 
tel 


on (Fa, E). 
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Proof: 
(i) 
(a, E), (Fa, E) ef); . 


iel 


Since (Qa, E), (Fa, E) €1; for each ieI, hence 


(ii) Let {fi ,E:)/k € K}be an arbitrary family of 

interval valued fuzzy neutrosophic soft sets where 

(FB) E ()c, for each keK. Then for each iel , 
tel 

(f;,E) et; for keK and since for each iel, tT is an 


topology, therefore Lf , FE’) et, for each ieI. Hence 


kek 
Li. 2) ef )z;. 
keK iel 
(iii) Let (fa, E), (ga, E) ef )z; . then (fy, E) and 


iel 
(ga, E) €1; for each ieI and since 1; for each ieI is an 
topology, therefore (f4, E) M (ga, E) €1 for each iel. 


Hnece (f4, E) A (ga, E) € ae .Thus ()c, satisfies all 
tel tel 
the axioms of topology. Hence () T, forms a topology. 
tel 
But the union of topologies need not be a topology, which 
is shown in the following example. 


Remark 3.5: 
The union of two IVENS — topology may not be a 
IVFNS- topology. If we consider the example 3.2 then the 


subfamilies t; ={(@a, E), (Fa, E), ( f ,E)} and t2={(@a, EB), 
(Fx, E), Ci ,E)} are the topologies in (F,, E). But their 


union T1Ut2 ={(a, E), (Fa, E), (f4.E), (f4 ED} is not a 
topology on (Fa, E). 


Definition 3.6: 

Let ((Fa, E),t) be an IVFNS-topological space 
over (Fa, E). An IVFNS subset (f4, E) of (Fa, E) is called 
interval valued fuzzy neutrosophic soft closed (IVFNS 
closed) if its complement (f,, E)° is a member of Tt. 


Example 3.7: 
Let us consider example 3.2, then the IVENS 
closed sets in ((Fa, E),t) are 
(pa, BE)’ = {er ={<hy [1,1], [1,1], (0,0), 
<h, [1,1], [1,1], [0,0]>, <h3 [1,1], [1,1], [0,0]>} 
{eo ={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 
{e3={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 
(Fa, E)’ = {e, ={<h, [0,0], [0,0], [1,1]>, 
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<h> [0,0], [0,0], [1,1]>, <h3 [0,0], [0,0], [1,1]>} 
fe,={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 

<h; [0,0], [0,0], [1,1]>3 

fe;={<h, [0,0], [0,0], [1,1]>, <hy [0,0], [0,0], [1,1]>, 

<h; [0,0], [0,0], [1,1]>3 

( f, BE) = {e,={<h, [0.2,0.3], [0.5,0.6], [0.5,0.6]>, 

<h; [0.0,0.1], [0.4,0.5], [0.4,0.5]>, <h3 [0,0], [0,0], [1,1]>3 
fe, ={<h, [0.2,0.3], [0.4,0.5], [0.4,0.5]>, 

<h> [0,0], [0.2,0.3], [0.4,0.5]>, <hg [1,1], [1,1], [0,0]>} 
fe;={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 

<h; [1,1], [1,1], [0,0]>} 

( f; EX ={e, ={<h; [0.1,0.2], [0.40.5], [0.3,0.4]>, 

<h, [0.2,0.3], [0.4,0.5], [0.6,0.7]>, <hy [0,0], [0,0], [1,1]>} 
{e,={<h, [0.0,0.1], [0.5,0.6], [0.2,0.3]>, 

<h, [0,0], [0,0], [1,1]>, <h3 [1,1], [1,1], [0,0]>} 

fe;={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 

<h; [1,1], [1,1], [0,0]>} 

( f; BS = {e; ={<h, [0.2,0.3], [0.5,0.6], [0.3,0.4]>, 
<h, [0.2,0.3], [0.4,0.5], [0.4,0.5]>, <h3 [0,0], [0,0], [1,1]>3 
fe) ={<h, [0.2,0.3], [0.5,0.6], [0.2,0.3]>, 

<h; [0,0], [0.2,0.3], [0.4,0.5]>, <hg [1,1], [1,1], [0,0]>} 
fe;={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 

<h; [1,1], [1,1], [0,0]>} 

( f; EX = {e, ={<hy [0.1,0.2], [0.4,0.5], [0.5,0.6]>, 

<h, [0.0,0.1], [0.4,0.5], [0.6,0.7]>, <hs [0,0], [0,0], [1,1]>} 
fe) ={<h, [0.0,0.1], [0.4,0.5], [0.4,0.5]>, 

<h, [0,0], [0,0], [1,1]>, <h3 [1,1], [1,1], [0,0]>} 

fe;={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 

<h3 [1,1], [1,1], [0,0]>} are the interval valued fuzzy 
neutrosophic soft closed sets in ((Fa, E),T). 


Theorem 3.8: 
Let ((Fa, E),t) be an interval valued fuzzy 
neutrosophic soft topological space over (Fa, E). Then 
(i) (Ma, E)” (Fa, E)° are interval valued fuzzy 
neutrosophic soft closed sets. 
(ii) The arbitrary intersection of interval valued fuzzy 
neutrosophic soft closed sets is interval valued fuzzy 
neutrosophic soft closed set. 
(ii) The union of two interval valued fuzzy 
neutrosophic soft closed sets is an interval valued 
fuzzy 
neutrosophic closed set. 


Proof: 


(1) Since (Qa, E), (Fa, E) €t implies (@,, E)° and (Fa, 
E) are closed. 
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Let {fi ,E)/k € K} be an arbitrary family of 
(fa, FE) = 


(11) 
IVENS closed sets in ((Fa, E),t) and let 


(\(fi,E) . Now (fs, B)° = Que 


kek kek 


= Olena) and (f,;,E)° €t for each keK, so 


keK 


UGE) et. Hence (fa, E)°et. Thus (fs, E) is 
keK 
IVENS closed set. 


(iii) Let {f,,£)/i=1,2,3,...n} be a finite family of 
IVFNS ((Fa, E),t) and let 


(¢4,E)=UUfi.B). 


closed sets in 


Now (84+) -(Uui.»] =(\(fi.By 


(fi, E) €7. So ()(f;. EY €7 Hence (ga, E)*et. 
i=l 
Thus (ga, E) is an IVENS closed set. 


Remark 3.9: 
The intersection of an arbitrary family of 
IVFNS — open set may not be an IVFNS- open and the 
union of an arbitrary family of IVFNS closed set may not 
be an IVFNS closed. 
Let us consider U= {h,ho.h3}; E = {e€),€2,€3,e4}, 
A = {e),€,e3} and let 
(Fa, E) = {e; ={<h, [1,1], [1,1], [0,0]>, 
<h» [1,1], [1,1], [0,0]>, <hs [1,1], [1,1], [0,0]>} 
{e.={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 
{e3={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} 
(@a, E) = {e; ={<h, [0,0], [0,0], [1,1]>, 
<h, [0,0], [0,0], [1,1]>, <h3 [0,0], [0,0], [1,1]>} 
{e.={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>} 
{e3={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>} 
For each neEN, we define 


Gi ,E£) = i 
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We observe that t = {(Fa, E), (Qa, E), Cw E) }isa 
IVFNS topology on (Fa, E). 


But ( )(f;', E)={e1={<hi [0,0], [0,0], [0.5,0.5]>, 
n=l 
<h> [1,1],[1,1],[0,0]>, <h; [0,0], [0,0], [1,1]>} 
{e,={<h, [0,0], [0,0], [0.33,0.33]>, <h, [0,0], [0,0], [1,1]>., 
<h; [0,0], [0,0], [1,1]>} 
{e;={<h, [0,0], [0,0], [1,1]>, <h> [0,0], [0,0], [1,1]>. 
<h3 [0,0], [0,0], [1,1]>}} is not an TIVFNS-open set in 


IVFNS topological space ((Fa,  £E),t) , ~~ since 
( (fi, E) et. 
n=] 


The IVFNS closed sets in the IVFNS topological space 


(Fa, ),t) (Fa, EX(pa, E® and (f4,E)” 
for (n= 1,2,3...). 


are 


But | J( fs, E)={e1={<hi (0.5,0.5], [1,1], [0,0]>. 

n=] 
<h» [0,0],[0,0],[1,1]>, <h3 [1,1], [1,1], [0,0]>} 
{e,={<h,[0.33,0.33], [1,1], [0,0] >, <h»> [1,1], [1,1], [0,0]>., 
<h; [1,1], [1,1], [0,0]>} 
{e3={<h, [1,1], [1,1], [0,0]>, <h» [1,1], [1,1], [0,0]>, 
<h; [1,1], [1,1], [0,0]>} is not an IVFNS-closed set in 


IVENS topological space ((Fa, E),t), since L) (f,.&) €t. 


n=l 


Definition 3.10: 

Let ((Fa, E), 7) and ((Fa, E), t2) be two IVFNS 
topological spaces. If each (f4,E)e€t, implies (f4,E)€T, 
then Tt, 1s called interval valued fuzzy neutrosophic soft 
finer topology than tT, and 7, 1s called interval valued fuzzy 
neutrosophic soft coarser topology than Tp. 
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Example 3.11: 
If we consider the topologies t;={(@a, E), (Fa, E), 


(7, 2. C5. 2s CF, ey Dy ae in 


example 3.2 and t.={(a, E), (Fa, E), Ga .E),( fa ,E)} on 
(F,,E). Then t, is interval valued fuzzy neutrosophic soft 
finer than T2 and T> is interval valued fuzzy neutrosophic 
soft coarser topology than 7. 


Definition 3.12: 

Let ((Fa, E), t) be an IVFNS topological space of 
(F,, E) and & be a subfamily of t. If every element of t 
can be expressed as the arbitrary interval valued fuzzy 
neutrosophic soft union of some element of B, then B is 
called an interval valued fuzzy neutrosophic soft basis for 
the interval valued fuzzy neutrosophic soft topology T. 


Example 3.13: 
In example 3.2 for the topology t={(@a, E), (Fa, 


E), (f,.E). (f; EB). (f;.E) « f¢ .B)} the subfamily 


B ={(, BE), Fa EB) (£405) (fa Bs (fa BD } of 
P(F,,E) is a basis for the topology T. 


Definition 3.14: 

Let t be the IVFNS topology on (F,,E) ¢€ 
IVFNS(U,E) and (f,,E) be an IVENS set in P(Fa,E) is a 
neighborhood of a IVFNS set (g,,E) if and only if there 
exist an t-open IVFNS set (h,,E) ie., (ha,E)et such that 
(ga,E)c (ha, E)c (f,,E). 


Example 3.15: 
Let U={hy, hy, hg}, E= {e), 5, e3, eg}, A= {e,}.In 
an IVFNS topology t={(@aq, E), (Fa, E), (ha,E)} where 
(Fa, E) = {e;={<h, [1,1], [1,1], [0,0]>, 
<h> [1,1], [1,1], [0,0]>, <h3 [1,1], [1,1], [0,0]>} 
(pa, E) = {e:={<h, [0,0], [0,0], [1,1]>, 
<h> [0,0], [0,0], [1,1]>, <hs; [0,0], [0,0], [1,1]>} 
(ha, E) = {e, ={<h, [0.4,0.5], [0.5,0.6], [0.4,0.5]>, 
<h> [0.3,0.4], [0.4.0.5], [0.5,0.6]>, 
<h; [0.4,0.5], [0.3.0.4], [0.1,0.2]>}}. 
The IVENS set 
(f4, E) = {e, ={<h, [0.5,0.6], [0.6,0.7], [0.2,0.3]>, 
<h, [0.3,0.4], [0.4,0.5], [0.5,0.6]>, 
<h; [0.4,0.5], [0.4,0.5], [0,0.1]>} is a neighbourhood of the 
IVENS set 
(ga, E) = {e, ={<h, [0.3,0.4], [0.4,0.5], [0.4,0.5]>, 
<h, [0.1,0.2], [0.2.0.3], [0.6,0.7]>, 
<h; [0.4,0.5], [0.2,0.3], [0.3,0.4]>} } 
because there exist an t-open IVFNS set (h,,E) such that 
(ga,E)C (ha, E)C (f4,E). 


Theorem 3.16: 
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A IVENS set (f4,E) in P(F,,E) is an open IVFNS 
set if and only if (f4,E) is a neighbourhood of each IVENS 
set (ga,E) contained in (f,,E). 


Proof: 

Let (f4,E) be an open IVFNS set and (g,,E) be 
any IVENS set contained in (f,,E). Since we have (g,4,E)c 
(ha,E)c (f,,E) , it follows that (f,,E) is a neighbourhood of 
(ga,E). Conversely let (f4,E) be a neighbourhood for every 
IVENS set contained in it. Since (f,4,E)C(f,,E) there exist 
an open IVENS set (ha,E) such that (f4,E)c (ha,E)c (f4,E). 
Hence (h,,E) = (f,,E) and (f,4,E) is open. 


Definition 3.17: 

Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (Fa, E) and (f,,E) 
be a IVFNS set in P(F,,E). The family of all 
neighbourhoods of (f,4,E) is called the neighbourhood 


system of (f,,E) up to topology and is denoted by NV (f4.E)° 


Theorem 3.18: 
Let ((Fa, E), t) be an interval valued fuzzy 


neutrosophic soft topological space. If N (f4,E) is the 
neighbourhood system of an IVFNS set (f,4,E). Then 


(i) Finite intersections of members of N 


No E) 
A>? 

(11) Each interval valued fuzzy neutrosophic soft set which 
belongs to NV 


(f4.E) belong to 


contains a member of N 


(f4,E) (f4.E) 


Proof: 
(i) Let (ga,E) and (h,,E) are two neighbourhoods of 


(f,,E) , so there exist two open sets ( gE) : 
(h',,E) such that (f4,E)c (g%,E) C(ga,E) and (f4,E)c 
(hi, E) C(ha,E). 

Hence (fE)C (84) 0 (hy, ES (gE) (haE) 
and (g4,,F)(h,, E)is open. Thus (ga,E) (ha,E) is a 


neighbourhood of (f,4,E). 
(ii) Let (ga,E) is a neighbourhood of (f4,E) and (ga,E)c 


(ha,E), so there exist an open set ( g,,E), such that 
(fE\C (g4,E) C(ga.E). By hypothesis (gq,E)C (ha,B), 
so (f,,.E)c ( g,,E) <(g,,E)c (hy,E) which implies that 
(f,,.E)c ( g,,E) c(ha,E) and hence (ha,E) is a 
neighbourhood of (f,4,E). 


Definition 3.19: 
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Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (Fa, E) and (f,,E) , 
(g,,E) be IVFNS sets in P(F,,E) such that (g4,E)c (f,,E). 
Then (g,,E) is called an interior IVFNS set of (f,4,E) if 
and only if (f4,E) is a neighbourhood of (g,4,E). 


Definition 3.20: 

Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (F,,E) and (f,,E) 
be an IVFNS set in P(F,,E). Then the union of all interior 
IVENS set of (f,4,E) is called the interior of (f,4,E) and is 
denoted by int(f,,E) and defined by int(f,,E) = U{(ga,E)/ 
(f,,E) is a neighbourhood of (g,,E)} 

Or equivalently int(f,,E)=U{ (g,,E)/ (ga,E) is an IVFNS 
open set contained in (f,4,E)}. 


Example 3.21: 
Let us consider the IVFNS topology t={(@a, E), 


(F,, E), (f,.E).(f; EB). (f; Ef; BE} as in example 
3.2 and let 

(f4,E) = {e,={<h, [0.4,0.5], [0.6,0.7], [0.1,0.2]>, 

<h, [0.7,0.8], [0.6,0.7], [0.1,0.2]>, <h3 [1,1], [1,1], [0,0]>} 
{e> ={<h, [0.3,0.4], [0.5,0.6], [0,0.1]>, <h». [1,1], [1,1], 
[0,0]>, <h3 [0,0], [0,0], [1,1]>} 

{e3; ={<h, [0,0], [0,0], [1,1]>, <h> [0,0], [0,0], [1,1]>, <h; 
[0,0], [0,0], [1,1]>} be an IVFNS set. 

Then int(f,4,E) = Uf (ga,E)/ (ga,E) is an IVFNS open set 


contained in (f,,E)} = (f; .E)U(f;.E) =(f; B). 
Since ( f; ,E)c (fa,E) and ( f; JE) C(fa,E). 


Theorem 3.22: 

Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (F,,E) and (f,,E) be 
an IVFNS set in P(F,,E). Then 

(1) int(f,,E) is an open and int(f,,E) is the largest 
open IVFNS set contained in (f,,E). 
(ii) The IVFNS set (f,,E) is open if and only if (f,4,E) 
= int(f,,E). 
Proof: Proof follows form the definition. 


Proposition 3.23: 

For any two IVENS sets (f,,E) and (g,,E) is an 
interval valued fuzzy neutrosophic soft topological space 
((F,, E), t) on P(Fa, E) then 
(1) (g,,E)c (f,4,E) implies int(g,,E)c int(f,,E). 


(11) int(@,,E) = (@q,E) and int(F,,E) = (Fa,E). 
Gil)  intdnt(f,,E)) = int(f,,E). 
(iv) int((ga,E)A (f,4,E)) = int(g,,E)mint(f,,E). 


(v) int((ga,E)U (f,4,E)) D int(ga4,E)Uint(f,,B). 


Proof: 
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(1) Since (g4,E)c (f,,E) implies all the IVENS — open 
set contained in (g,a,E) also contained in (f,4,E). Therefore 


{(g,,E)/ (g,,E) is an IVFNS open set contained in 


(g,,E)}c { (f,,E) / (f,,E) is an IVFNS open set 
contained in (f,4,E)}. So int(ga,E)c int(f,,E). 

(11) Proof is obvious. 

(111) int(int (f4,E)) = U{ (g,,E)/ (ga,E) is an IVFNS 
open set contained in int(f,,E)} and since int(f,,E) is the 
largest open IVFNS sset contained in int(f,,E), Therefore 
int(int(f,,E)) = int(f,,E). 

(iv) Since int (g,,E)c (ga,E) and int (f,,E)c (f,,B), 
we have int (ga,E) Mint (f4,E) C (ga,E) M (f,,E)----C1) 
Again since (g4,E) 0 (f4,E) € (gasE) and (ga,E) 0 (fC 
(f,,E) we have int ((g4,E) © (f4,E))cint (ga,E) and int 
((g.,E) (f,,E))cint (f4,E). Therefore  int((ga,E)O 
(f,,E))c int (ga,E)oint (f,,E) ------ (2). From (1) and (2) 
int((ga,E)A (f,4,E))=int (g4,E)mint (f,,E). 

(Vv) Since (g,,E)C (ga,E)U (fa,E) and (f,,E)C 
(g,,E)U (fx) so int(g,,E) ¢ int((g,,E)U(f,.E)) and 
int (f4,E)cint((ga,E)U(f,,E)). Hence int(g,,E)U int (f4,E)c 
int((gq.E)U (f4,E). 


Definition 3.24: 
Let ((Fa, E), t) be an IVFNS topological space on 
(F,,E) and let (f4,E), (ga,E) be two IVFNS set in iP 


(F,,E). Then (ga,E) is called an exterior IVFNS set of 
(f,,E) if and only if (ga,E) is an interior IVFNS set of the 
complement (f,,E). 


Definition 3.25: 

Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (F,,E) and (f,,E) be 
an IVFNS set in P (Fa,E). Then the union of all exterior 
IVENS set of (f,4,E) is called the exterior of (f,,E) and is 
denoted by ext (f,4,E) and is defined by ext 
(f,,E)=U{ (ga,E) / (f4,E)° is a neighbourhood of (g,,E)}. 
That is from definition ext (f4,E) = int((f,,E)*). 


Proposition 3.26: 

For any two IVENS sets (f4,E) and (ga,E) in an 
interval valued fuzzy neutrosophic soft topological space 
((Fa, E), t) on P(Fa,E) then 

(i) ext (f,4,E) is open and is the largest open set 
contained in (f,,E)°. 

(ii) (f,,E)° is open if and only if (f,4,E)° = ext (f,,E). 

(111) (a,E)C (f,,E) implies ext (f,,E)cCext (g,,E). 

(iv) ext((ga,E)O (f4,E))Dext (ga,E)VUext (f,,E). 

(Vv) ext((ga,E)U (f,,E))=ext (g4,E) Next (f4,E). 


Proof: 
Proofs are straight forward. 
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Definition 3.27: 

Let ((Fa, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (Fa,E) and (f,,E) be 
an IVFNS set in P(Fa,E). Then the intersection of all 
closed IVFNS set containing (f,,E) is called the closure of 
(f,,E) and is denoted by cl (f,4,E) and defined by cl 
(f,,E)=A{ (ga,E)/ (ga,E) is a IVFNS closed set containing 
(f4,E)}. Thus cl (f,,E) is the smallest IVFNS closed set 
containing (f,,E). 


Example 3.28: 


Let us consider an interval valued fuzzy 


neutrosophic soft topology t={(@a, E), (Fa, E), Ge ,E), 


GE .E), cr .E) ,( 1 ,E)} as in example 3.2 and let 
(f4,E) = {e,={<h, [0.1,0.2], [0.3,0.4], [0.5,0.6]>, 

<h, [0,0.1], [0.4,0.5], [0.7,0.8]>, <h3 [0,0], [0,0], [1,1]>} 
{eo ={<h, [0,0], [0.4,0.5], [0.6,0.7]>, <h» [0,0], [0,0], 
[1,1]>, <h3 [1,1], [1,1], [0,0]>} 

{e3 ={<h, [1,1], [1,1], [0,0]>, <h> [1,1], [1,1], [0,0]>., 

<h; [1,1], [1,1], [0,0]>} be an IVENS set. 

Then cl(f,,E) =A{ (g4,E)/ (ga,E) is a IVENS closed set 


containing (f,,E)} = (f,,E af; .B* = (fy BY 
Since (f,,E)c ( f, BE) and (f,,E)c ( f 3 JE) 


Proposition 3.29: 
For any two IVENS sets (f,4,E) and (g,,E) is an interval 
valued fuzzy neutrosophic soft topological space 
((F,, E), t) on P(Fa, E) then 
(1) cl (f,,E) is the smallest IVFNS closed set 
containing (f,,E). 


(11) (f,,E) 1s IVFNS closed if and only if (f4,E) = cl 
(f4,E) 

(ii)  (g,a,E)c (f,,E) implies cl(g,,E)c cl(f,,E). 

(iv) — cl(cl(f4,E)) = cl(f,,E). 


(v) cl(@,,E) = (@a,E) and cl(F,,E) = (Fa,E). 


(vi)  cl((ga,E)U (f4,E)) = cl(ga,E)Ucl(f,,E). 
(vii) = cl((ga,E)A (f4,E)) € cl(ga,E)el(f,,E). 
Proof: 


(1) and (11) follows from the definition. 
(iui) Since (g,,E)c (f4,E) implies all the closed set 
containing (f,,E) also contain (ga,E). 


Therefore > {(g,,E)/ (g,,E) is an IVENS closed set 
containing (g,,E)}cn{ (f,,E)/ (f,,E) is an IVFNS 
closed set containing (f,4,E)}. So cl (g4,E)ccl (f,,E). 


(iv) clicl (f4,E)) = A{ (ga,E)/ (g,,E) 1s an TIVFNS 
closed set containing cl (f,,E)} and since cl (f,,E) is the 
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smallest closed IVFNS set containing cl (f,,E). Therefore 
cl(cl (f4,E)) = cl (f,4,E). 

(v) Proof is obvious. 

(v1) Since cl(ga,E) D (ga,E) and cl(f,,E)D (f4,E), we 
have cl(g,,E)Ucl (f4,E)D (g,,E)U (f4,E). This implies 
cl(g,,E)Ucl(f,,E)D cl((ga,E)U (f4,E)) ----- (1). And since 
(g,,E)U (f,,E)D (gasE) and (g,,E)U (f,,E) 2 (fa,E) so 
cl((g,,.E\U(f..E))Del(ga.E) and cl((gq,.E)U(E,.E))Del(fs,E). 
Therefore cl((g4,E)U(f,,E))Dcl(g,4,E)Ucl(f,,E)----- (2). 
Form (1) and (2) cl(g4,E)Ucl(f,,E) = cl(ga,E)U cl(f,,E). 
(vii) Since (g4,E) D (ga,E)O (fa,E) and (f4,E)D 
(gE) (fa,E) so cl (g4,E)Dcl(g..E)0G¢4,E)) and 
cl(f4,E)Dcl((ga,E)(f4,E)). 

Hence cl ((g4,E)Ncl(f,4,E)Dcl((ga,E)A(f,,E)). 


Theorem 3.30: 

Let ((F,, E), t) be an interval valued fuzzy 
neutrosophic soft topological space on (F,,E) and (f,,E) be 
an IVFNS set in P(F,,E). Then the collection 


tC pipy MI Ao PONE AER Aah) ea) is an 
interval valued fuzzy neutrosophic soft topology on the 
interval valued fuzzy neutrosophic soft set (f,,E). 

Proof: 

(1) Since (Da, E), (Fa, EF) Ev , (fa, E)= (fa, la 
(Fa, E) and (Qa, E),= (f4, E)O (@a, E). Therefore 

(Qa, E), (fa, E) et. 

(ii) Let {(f,.£)/i =1,2,3.....n} be a finite family of 


IVFNS open sets in T fa,E)? then for each i=1,2,3..n 


there exist (g4,E)et such that (f 4,2) = (fa, E)A 


' nN ; 
(g4,E) Now [) (f4,2)= 
i=] 


n ; ni, 
ND MGB) = foo flee and 


he 3 n ; 
i ] 
since I Aue ET SO ia (f£) ETF 4,E): 
(iii) Let {(f;,E)/k € K} be an arbitrary family of 
interval valued fuzzy neutrosophic soft open sets in 


k 
h 
"(f4,E) , then for each keK, there exist (Bas FE’) et suc 


that (f}, E)=(fa, En (94, E) 


Now Ufi.2) = Ul 2a(gi.2) = 
(f,,E) 0 )(g 4.) and since Ligh. Bec. 
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So Ui E) ET ¢ 4 E)’ 


kek 


Definition 3.31: 

Let ((Fa, E), t) be an IVFNS topological space on 
(Fa, E) and (f4, E) be an IVFNS set in P(Fa, E). Then the 
IVFNS topology. 


EG tN Nd Ae ORS Aye foe is called 


interval valued fuzzy neutrosophic soft subspace topology 


(IVENS subspace topology) and ((f,, E), T( en E)? 1S 


called interval valued fuzzy neutrosophic soft subspace of 
((Fa, E), 7). 


Example 3.32: 


Let us consider the interval valued fuzzy 


neutrosophic soft topology t={(@a, E), (Fa, E), Cf; ,E), 


Gi .E), ea .E) ,( a ,E)} as in the example 3.2 and an 


IVFNS-set 
(f4,E)={e,={<h,[0.2,0.3],[0.3,0.4],[0,0. 1 ]>, 
<h,[0.5,0.6],[0.4,0.5], [0.1,0.2]>, 

<h; [0.2,0.3], [0.5,0.6], [0.6,0.7]>} 

{e,={<h, [0.3.0.4], [0.5,0.6], [0.1,0.2]>, 

<h, [0.4,0.5], [0.6,0.7], [0.2,0.3]>, 

<h3 [0.4,0.5], [0.4,0.5], [0.2,0.3]>} 

{e;={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 
<h; [0,0], [0,0], [1,1]>} be an IVFNS set 

(f4, E)\O (Fa, E) = (fa, E) 

(f,, EVA (Qa, E) = (a, E) 

(f. DA (4 E=( 84,5) = 
{e,;={<h,[0.2,0.3],[0.3,0.4],[0.2,0.3|>, 
<h,[0.4,0.5],[0.4,0.5], [0.1,0.2]>, 

<h; [0.2,0.3], [0.5,0.6], [0.6,0.7]>} 

{e,={<h, [0.3.0.4], [0.5,0.6], [0.2,0.3]>, 

<h» [0.4,0.5], [0.6,0.7], [0.2,0.3]>, <h; [0,0], [0,0], [1,1]>} 
{e;={<h, [0,0], [0,0], [1,1]>, <h» [0,0], [0,0], [1,1]>, 
<h3 [0,0], [0,0], [1,1]>} 


(fy, A (f; .E) =(¢.E) = 
{e,;={<h,[0.2,0.3],[0.3,0.4],[0.1,0.2]>, 
<h,[0.5,0.6],[0.4,0.5], [0.2,0.3]>, <h3 [0.2,0.3], [0.5.0.6], 
[0.6,0.7]>} 

{e,={<h, [0.2,0.3], [0.4,0.5], [0.1,0.2]>, 

<h, [0.4,0.5], [0.6,0.7], [0.2,0.3]>, <hs; [0,0], [0,0], [1,1]>} 
{e;={<h, [0,0], [0,0], [1,1]>, <h> [0,0], [0,0], [1,1]>, 

<h; [0,0], [0,0], [1,1]>3 

(f,, E\A (fy E) =(83.E) = 
{e,;={<h,[0.2,0.3],[0.3,0.4],[0.2,0.3 |>, 
<h>[0.4,0.5],[0.4,0.5], [0.2,0.3]>, 

<h; [0.2,0.3], [0.5,0.6], [0.6,0.7]>} 
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{e,={<h, [0.2,0.3], [0.4,0.5], [0.2,0.3]>, 

<h, [0.4,0.5], [0.6,0.7], [0.2,0.3]|>, <h3 [0,0], [0,0], [1,1]>} 
{e;={<h, [0,0], [0,0], [1,1]>, <h> [0,0], [0,0], [1,1]>, 

<h; [0,0], [0,0], [1,1]>} 

(f,, EA (fy BE) =( 24.2) = 
{e,={<h,[0.2,0.3],[0.3,0.4],[0.1,0.2|>, 
<h>[0.5,0.6],[0.4,0.5], [0.1,0.2]>, 

<h; [0.2,0.3], [0.5,0.6], [0.6,0.7]>} 

{e,={<h, [0.3,0.4], [0.5,0.6], [0.1,0.2]>, 

<h, [0.4,0.5], [0.6,0.7], [0.2,0.3]>, <h3 [0,0], [0,0], [1,1]>} 
{e;={<h, [0,0], [0,0], [1,1]>, <h> [0,0], [0,0], [1,1]>, 

<h; [0,0], [0,0], [1,1]>} 


Thus t¢¢, 2) = (@a BE), Fa Bs (84) (848), 


( g; ,E) ,( gi ,E)} is an interval valued fuzzy neutrosophic 


soft subspace topology for t and ((f,, EB), T( oe B)? 1S 


called interval valued fuzzy neutrosophic soft subspace of 
((Fa, E), ). 


Theorem 3.33: 

Let ((),,E), t') be a IVENS topological subspace 
of ((&4 .E),t’) and let ((E, ,E),t~) be a IVENS topological 
subspace of ((Fa, E), t). Then ((),4,E), tT’) is also an IVENS 
topological subspace of ((Fa, E), T).. 


Proof: 
Since (a,E) < (6 .E) C (Fa, B), ((na,E), 7) is an 
interval valued fuzzy neutrosophic soft topological 


; aa: 
subspace of ((F,, E), t). if and only if T( na,E) = Tet 
( ie ,E) et! , now since ((na,E), t') is an IVFNS 
topological subspace of ((G, .E),1°) 1e., r(94.E) = t', so 


exist rae .E) er such that 
(f,.E) =(a.E)0 (f; BE). But (Eq .B),7’) is an IVENS 
topological subspace of ((Fa, E), t). Therefore there exist 


(f,, E) et such that ( f; .E) =(E,,E)A (f4,E). Thus ( f, .E) 
=n ( fe B= OBA ba BO (5) 


=(Nna.E)O (f,,E). So CH .E)e "(n4.E) implies t'c 


there 


---(1). 
T(n4,E) ) 
Now assume, (ga, E) € “in, E) 1e., there exist (ha,E) €t 


such that (ga,E) = (Na,E)O (ha,E) . But 
(Sa, BE)a (ha,E) Ee TF En E) =”? So (HAE) (Ea, BE)a 


(hys5E)) = (Ma.E)O (ha,E) = (8a,E). We have 
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(g,,E) ET implies Tn pone (2). From (1) and 


oe) = 
(2)t' = "(7 4,E) . Hence the proof. 


Theorem 3.34: 

Let ((Fa, E), t).be an IVFNS topological space of 
(Fa, E). B be an basis for t and (f4, E) be an IVENS set in 
P(F,, EB). Then the family 


5 f,,E) =f as, Eg 4,£) € BS is an 
IVFNS basis for subspace topology T( fasE)’ 


Proof: 
Let (ha,E) eT (f4,E)’ then there exist an IVFNS 


set (ga, E) €t, such that (hy,E) = (fa, E)M (ga, E). Since B 


is a base for tt, there exist  sub-collection 
{{(y',, E)/i € I} of B, such that (gq, E) = Uw. BE) . 
iel 
Therefore (ha,E) = (fA, BEyn (ga,E) = 
(fa, Da Uwi.2)) = Uh Daw). 2) . 
iel iel 
Since (f,,E)0 (y', ,E) « Bef 4,E) implies 
Br fAsE) is an IVFNS basis for the IVFNS_ subspace 


topology "(f4,E) 


4. Conclusion 


In this paper the notion of topological space in in- 
terval valued fuzzy neutrosophic soft sets is introduced. 
Further, some of its operators and properties of topology 
in IVFNS set are established. 
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Soft Neutrosophic Bi-LA-semigroup and Soft 
Neutrosophic N-LA-seigroup 
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Abstract. Soft set theory is a general mathematical tool 
for dealing with uncertain, fuzzy, not clearly defined ob- 
jects. In this paper we introduced soft neutrosophic bi- 
LA-semigroup,soft neutosophic sub bi-LA-semigroup, 
soft neutrosophic N -LA-semigroup with the discuission 
of some of their characteristics. We also introduced a 


new type of soft neutrophic bi-LAsemigroup, the so 
called soft strong neutrosophic bi-LAsemigoup which is 
of pure neutrosophic character. This is also extend to soft 
neutrosophic strong N-LA-semigroup. We also given 
some of their properties of this newly born soft structure 
related to the strong part of neutrosophic theory. 


Keywords: Neutrosophic bi-LA-semigroup,Neutrosophic N -LA-semigroup, Soft set, Soft neutrosophic bi-LAisemigroup. Soft 


Neutrosophic N -LA-semigroup. 
1 Introduction 


Florentine Smarandache for the first time introduced the 
concept of neutrosophy in 1995, which is basically a 
new branch of philosophy which actually studies the 
origin, nature, and scope of neutralities. The neutrosophic 
logic came into being by neutrosophy. In neutrosophic log- 
ic each proposition is approximated to have the percentage 
of truth in a subset J’, the percentage of indeterminacy in 
a subset / , and the percentage of falsity ina subset F’. 
Neutrosophic logic is an extension of fuzzy logic. In fact 
the neutrosophic set is the generalization of classical set, 
fuzzy conventional set, intuitionistic fuzzy set, and interval 
valued fuzzy set. Neutrosophic logic is used to overcome 
the problems of impreciseness, indeterminate, and incon- 
sistencies of date etc. The theory of neutrosophy is so ap- 
plicable to every field of algebra. W.B. Vasantha Kan- 
dasamy and Florentin Smarandache introduced neutro- 
sophic fields, neutrosophic rings, neutrosophic vector 
spaces, neutrosophic groups, neutrosophic bigroups and 
neutrosophic NV -groups, neutrosophic semigroups, neu- 
trosophic bisemigroups, and neutrosophic NV -semigroups, 
neutrosophic loops, nuetrosophic biloops, and neutrosophic 
N -loops, and so on. Mumtaz ali et. al. introduced nuetro- 


sophic LA -semigroups . Soft neutrosophic LA-semigroup 
has been introduced by Florentin Smarandache et.al. 


Molodtsov introduced the theory of soft set. This mathe- 
matical tool is free from parameterization inadequacy, 
syndrome of fuzzy set theory, rough set theory, probability 
theory and so on. This theory has been applied successfully 
in many fields such as smoothness of functions, game the- 
ory, operation research, Riemann integration, Perron inte- 
gration, and probability. Recently soft set theory attained 
much attention of the researchers since its appearance and 
the work based on several operations of soft set introduced 


in [2, 9, 10] . Some properties and algebra may be found 


in [1] . Feng et al. introduced soft semirings in [5] . By 
means of level soft sets an adjustable approach to fuzzy 
soft set can be seen in 6] . Some other concepts together 


with fuzzy set and rough set were shown in & 8] , 


In this paper we introduced soft nuetrosophic bi-LA- 
semigroup and soft neutrosophic N -LA-semigroup and 
the related strong or pure part of neutrosophy with the no- 
tions of soft set theory. In the proceeding section, we de- 
fine soft neutrosophic bi-LA-semigroup, soft neutrosophic 
strong bi-LA-semigroup, and some of their properties are 
discussed. In the last section soft neutrosophic N -LA- 
semigroup and their corresponding strong theory have been 
constructed with some of their properties. 
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2 Fundamental Concepts 


Definition 1. Let (BN(S),*,°) be a nonempty set with 

two binary operations * and o. (BN(S),*,°) is said to 
be a neutrosophic bi-LA-semigroup if BN(S) = PB U P, 
where atleast one of (P,*) or (2,,°) is a neutrosophic 

LA-semigroup and other is just an LA- semigroup. P and 
P, are proper subsets of BN(S). 

If both (P,,*) and (P,,°) in the above definition are 


neutrosophic LA-semigroups then we call (BN(S),*,°) 
a strong neutrosophic bi-LA-semigroup. 


Definition 2. Let (BN(S) = PU P;: *,°) be a neutro- 
sophic bi-LA-semigroup. A proper subset (7’,°,*) is said 
to be a neutrosophic sub bi-LA-semigroup of BN(S) if 
lL L=T7,UT, where 7, =F OT and 
T, =P, OT and 
2. Atleast one of (7,,°) or (Z,,*) is a neutrosoph- 


ic LA-semigroup. 


Definition 3. Let (BN(S) = P,U P,*,°) be a neutro- 
sophic bi-LA-semigroup. A proper subset (7",°,*) is said 
to be a neutrosophic strong sub bi-LA-semigroup of 
BN(S) if 
1 P=, UT, where 7, =P OT and 
T, =P, OT and 
2. (7,,°) and (7,,*) are neutrosophic strong LA- 


semigroups. 


Definition 4. Let (BN(S) = P,U P,*,°) be any neutro- 
sophic bi-LA-semigroup. Let J be a proper subset of 
BN(S) such that J, =J OP and J, =J OP, are 


ideals of P and P, respectively. Then J is called the 
neutrosophic biideal of BN(S). 


Definition 5. Let (BN(S),*,°) be a strong neutrosophic 
bi-LA-semigroup where BN(S)=PUP, with (8,*) 
and (P,,°) be any two neutrosophic LA-semigroups. Let 
J bea proper subset of BN(S) where J = 1, UI, 


with 1, = 1 OF, and 1, = 1 OP, are neutrosophic ide- 


als of the neutrosophic LA-semigroups P, and P, respec- 


tively. Then / is called or defined as the strong neutro- 
sophic biideal of BN(S). 


Definition 6. Let {S(V ),*,,...,*, } be a non-empty set 

with N -binary operations defined on it. We call S(NV) a 

neutrosophic NV -LA-semigroup ( a positive integer) if 

the following conditions are satisfied. 

1) S(N)=S,U...S,, where each S, is a proper sub- 
setof SCV) ie. S; CS, or S, CS; if 14 J. 

2) (S,,*,) is either a neutrosophic LA-semigroup or an 
LA-semigroup for 7 = 1,2,3,...,N . 

If all the N -LA-semigroups (S,,*,) are neutrosophic 

LA-semigroups (i.e. for 7 =1,2,3,...,.N ) then we call 

S(N ) to be a neutrosophic strong N -LA-semigroup. 


Definition 7. Let 

S(N) = {S, US, U.S 55550009 *y f be a neutro- 
sophic N -LA-semigroup. A proper subset 

P={PVB U.... Py. *5®55*y } of SCV) is said 
to be a neutrosophic sub N -LA-semigroup if 
P=PQOS,,i=1,2,...,N are sub LA-semigroups of 
S , In which atleast some of the sub LA-semigroups are 


neutrosophic sub LA-semigroups. 


Definition 8. Let 

S(N) = {S, US, U....S 5555-009 yf be a neutro- 
sophic strong N -LA-semigroup. A proper subset 

PS POT eT ee) OLY) is 
said to be a neutrosophic strong sub N -LA-semigroup if 


each (7,,*,) is a neutrosophic sub LA-semigroup of 


(S.,*,) for 1=1,2,...,N where 7 =S,T. 


Definition 9. Let 

SCN) ={S, US, U...S 5555-19 *y } be a neutro- 
sophic N -LA-semigroup. A proper subset 

PETP OE ah Po cs tp Ol OY) as 
said to be a neutrosophic WN -ideal, if the following condi- 


tions are true, 
1. P isaneutrosophic sub N -LA-semigroup of 
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SCN). 
2. Each P=SOP,i1=1,2,...,N is an ideal of 
S,. 
Definition 10. Let 


S(N) ={S, US, U...S 5), 55-29 *y } be a neutro- 
sophic strong N -LA-semigroup. A proper subset 

J ={J,F, i. Fis ®)5 850005 yf Where 

J,=J OS, for t=1,2,...,N is said to be a neutro- 


sophic strong N -ideal of S(V) if the following condi- 


tions are satisfied. 
1) Each it is a neutrosophic sub LA-semigroup of 


S.,¢=1,2,...,N ie. It is a neutrosophic strong N- 
sub LA-semigroup of S(\V ). 
2) Each it is a two sided ideal of S, for t=1,2,...,N. 
Similarly one can define neutrosophic strong WN -left ideal 
or neutrosophic strong right ideal of S(V). 


A neutrosophic strong NV -ideal is one which is both a neu- 
trosophic strong WN -left ideal and N -right ideal of 
S(NV). 


Soft Sets 


Throughout this subsection U refers to an initial universe, 
FE, is aset of parameters, P(U) is the power set of U , 


and A,B C E.. Molodtsov defined the soft set in the 


following manner: 


Definition 11. A pair (F’, A) is called a soft set over U 
where F’ is a mapping givenby F': A — P(U). 

In other words, a soft set over U is a parameterized fami- 
ly of subsets of the universe U.For aC A,F (a) 
may be considered as the set of q@ -elements of the soft set 
(F ; A) , or as the set of @ -approximate elements of the 
soft set. 


Example 1. Suppose that U is the set of shops. / is the 
set of parameters and each parameter is a word or sentence. 
Let 


high rent,normal rent, 
~ Jin good condition,in bad condition | 


Let us consider a soft set 2 ; A) which describes the at- 


tractiveness of shops that Mr. Z is taking on rent. Suppose 
that there are five houses in the universe 
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= oe S583, 84, s.} under consideration, and that 
A= Ge; Ay y Qs } be the set of parameters where 

a, stands for the parameter ‘high rent, 

@. stands for the parameter ‘normal rent, 


a. stands for the parameter ‘in good condition. 


F(a,) = {8,84} , 
Fay) = 18g, 85}. 


Faz) = {8 }- 


The soft set (F A) is an approximated family 
{F(a,;),2 = 1,2,3} of subsets of the set U which gives 


us a collection of approximate description of an object. 


Suppose that 


Then (F A) is a Soft set as a collection of approxima- 


tions over U , where 


F(a,) = high rent= {8,, 5}, 
F(a) = normal rent= {8, 8; }, 


F(a.) = in good condition= {s,}. 


Definition 12. For two soft sets (F’, A) and (H, B) 
over U , (F’, A) is called a soft subset of (H, B) if 

1. ACB and 

2. F(a) C H(a), forall x € A. 
This relationship is denoted by (F’, A) C (H, B). Simi- 
larly (F’, A) is called a soft superset of (H, B) if 
(H, B) isa soft subset of (F’, A) which is denoted by 
(F,A) > (A,B). 


Definition 13. Two soft sets (F’, A) and (H, B) over 
U are called soft equal if (F ; A) is a soft subset of 
(H, B) and (H, B) isa soft subset of (F’, A). 


Definition 14. Let (F’, A) and (K, B) be two soft sets 
over acommon universe U suchthat AN Bo. 
Then their restricted intersection is denoted by 


(FA), (K,B) = (A,C) where (H,C’) is de- 
fined as H(c) = F(c) (7 K(c) for all 
CCC HANes. 
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Definition 15. The extended intersection of two soft sets 
(F', A) and (K, B) over acommon universe U is the 


soft set (H,C’) , where C' = AU B , and for all 
Cet, H(c) is defined as 


F(c) ifo Cc A—B, 
H(c) = G(c) ifc Ee B-A, 
Fic) N G(c) ife € ANB. 


We write (FA). (K,B) = (4,C). 


Definition 16. The restricted union of two soft sets 
(F’, A) and (K, B) over a common universe U is the 


soft set (H,C’), where C = AU B , and for all 
CEC... H(c) is defined as H(c) = F(c) U Gc) 
forall c € C’ .. We write it as 

(FA) Up, (K, B) = (4,0). 


Definition 17. The extended union of two soft sets 


(F’, A) and (K, B) over a common universe U is the 
soft set (H,C’), where C = AU B , and for all 
c€C, H(c) is defined as 


F(c) ifo c A—B, 
H(c) = G(c) ifc Ee B-A, 
F(c) U G(c) ifc € ANB. 


We write (F’, A) U_ (K, B) = (4,C). 

3 Soft Neutrosophic Bi-LA-semigroup 

Definition 18. Let BN(S) be a neutrosophic bi-LA- 
semigroup and (/’, A) bea soft set over BN(S). Then 
(F’, A) is called soft neutrosophic bi-LA-semigroup if 
and only if (a) is aneutrosophic sub bi-LA-semigroup 
of BN(S) forall ac A. 

Example 2. Let BN(S) = {(S, U I) U (S, U I)} bea 
neutrosophic bi-LA-semigroup where 

(S, VU I) = 11, 23,411 DE: 31,41} is a neutrosophic 


LA-semigroup with the following table. 
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Fa a a lll ak 
Le 

Pepe pe fap 
i eee) 


ee pa fa ar 
fafa far far fa far fat far a 
paar far fare far fae far fa 
paar fae far fa ae foe foe a 
ape rp fae par pr ar 


(S; U I) = 1, DoD ki 37} be another neutrosophic 





bi-LA-semigroup with the following table. 


La a 
Lia aL il BL 
i iB al 
II 3] 3] 3] 3] 3] 3] 


ll la el al 
lal lll lal Lal 


Let A= {d,,d,,a,} bea set of parameters. Then clearly 





(F, A) is a soft neutrosophic bi-LA-semigroup over 
BN(S), where 
F(a,) ={LU} 0 {2,3, 37}, 
F(a,) ={2,20 (1,3, 37}, 
F(a,) = {4,47} 0 {11,37}. 


Proposition 1. Let (Ff, A) and (K,D) be two soft neu- 
trosophic bi-LA-semigroups over BN (S) . Then 
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1. Their extended intersection (F’, A) O, (K, D) 
1s soft neutrosophic bi-LA-semigroup over 
BN(S). 

2. Their restricted intersection (f°, A) ON, (K, D) 
is soft neutrosophic bi-LA-semigroup over 
BN(S). 

3. Their AND operation (F', A) A(K,D) is soft 
neutrosophic bi-LA-semigroup over BN(S). 


Remark 1. Let (F’, A) and (K,D) be two soft neutro- 
sophic bi-LA-semigroups over BN (S). Then 


1. Their extended union (/’, A) U, (K, D) is not 
soft neutrosophic bi-LA-semigroup over 
BN(S). 

2. Their restricted union (F', A) U, (K, D) is not 
soft neutrosophic bi-LA-semigroup over 
BN(S). 

3. Their OR operation (/’, A) V (CK, D) is not 
soft neutrosophic bi-LA-semigroup over 


BN(S). 


One can easily proved (1),(2), and (3) by the help of 


examples. 


Definition 19. Let (/’, A) and (K,D) be two soft neu- 
trosophic bi-LA-semigroups over BN (S). Then (K, D) 
is called soft neutrosophic sub bi-LA-semigroup of 
(F, A), if 
L, De A. 
2. K(@) is aneutrosophic sub bi-LA-semigroup of 
F(a) forall ac A. 


Example 3. Let (/', A) be a soft neutrosophic bi-LA- 
semigroup over BN(S) in Example (1). Then clearly 


(K,D) is a soft neutrosophic sub bi-LA-semigroup of 
(F’,A) over BN(S), where 


K(a,) = {1,1} V {3,37}, 
K(a,) ={2,20 {LU}. 


Theorem 1. Let (F ; A) be a soft neutrosophic bi-LA- 


semigroup over BN(S) and (H,.B,) IJ Ee J| bea 
non-empty family of soft neutrosophic sub bi-LA- 
semigroups of (F : A) . Then 


1) Ap(# 
Jed 
semigroup of (F, A) 


B,) 1s a soft neutrosophic sub bi-LA- 


2) NA R (H > B,) is a soft neutrosophic sub bi-LA- 
Jet 
semigroup of (F, A) , 


3) me (H as B,) is a soft neutrosophic sub bi-LA- 
Jed 
semigroup of (F, A) if BOB.= @ for all 
Dekel . 


Definition 20. Let (/’, A) be a soft set over a neutrosoph- 
ic bi-LA-semigroup BN (S'). Then (/’, A) is called soft 
neutrosophic biideal over BN(S) if and only if F(a) is 
a neutrosophic biideal of BN(S), forall ae A. 


Example 4. Let BN(S) = {(S, U I) U (S, U I)} bea 
neutrosophic bi-LA-semigroup, where 
(S, U I) = iL 2,3, 11,2/, 37} be another neutrosophic 


bi-LA-semigroup with the following table. 


a 
tL La al 
Sa ll ill 
La al 


errr. 
ee ee 
lad nl al 
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And (S, wy I) = 112,53, [,2T7, 37} be another neutro- 
sophic LA-semigroup with the following table. 





Let A={a,,a,} bea set of parameters. Then (F A) is 


a soft neutrosophic biideal over BN (S) , where 


F(a,) = {1,113,327} U {2,27}, 

F (a,) = {1,3, 17,32} 0 {2,3,21 31}. 
Proposition 2. Every soft neutrosophic biideal over a 
neutrosophic bi-LA-semigroup is trivially a soft 
neutrosophic bi-LA-semigroup but the conver is not true in 


general. 


One can easily see the converse by the help of example. 


Proposition 3 . Let (F : A) and (K : D) be two soft neu- 
trosophic biideals over BN (S) . Then 


1) Their restricted union (F ; A) U, (K,D) is nota 
soft neutrosophic biideal over BN(S). 

er (K : D) isa 

soft neutrosophic biideal over BN(S). 


2) Their restricted intersection (F : A) 


3) Their extended union (F , A) . (K : D) is nota 


soft neutrosophic biideal over BN(S). 


4) Their extended intersection (F : A) ‘ar (K ; D) isa 


soft neutrosophic biideal over BN(S). 


Proposition 4. Let (F : A) and (K,D) be two soft 
neutrosophic biideals over BN(S) . Then 
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1. Their OR operation (F, A) V (K, D) is nota 
soft neutrosophic biideal over BN(S). 


2. Their AND operation (FA) A (K,D) isa 
soft neutrosophic biideal over BN(S). 


Definition 21 . Let (F : A) and (K,D) be two soft neu- 
trosophic bi- LA-semigroups over BN (S') . Then 

(K,D) is called soft neutrosophic biideal of (F A) , if 
1) BCA,and 


2) K(@) isaneutrosophic biideal of F'(a), for all 
aca. 


Example 5. Let (F , A) be a soft neutrosophic bi-LA- 
semigroup over BN(S') in Example (*). Then (K, D) 
is a soft neutrosophic biideal of (F over BN(S), 
where 


K(a,) ={1L37} v {2,27}, 
K (a,) ={1,3,U, 37} U{21,3]}. 


Theorem 2. A soft neutrosophic biideal of a soft neutro- 
sophic bi-LA-semigroup over a neutrosophic bi- 
LA_semigroup is trivially a soft neutosophic sub bi-LA- 
semigroup but the converse is not true in general. 


Proposition 5. If (F : A) and (G, B ) are soft neutro- 


sophic biideals of soft neutrosophic bi-LA-semigroups 
(F é A) and (G, B ) over neutrosophic bi-LA- 


semigroups N(S) and N(T) respectively. Then 
(FA )x(G,B ) isa soft neutrosophic biideal of soft 
neutrosophic bi-LA-semigroup (F',A)x(G,B) over 
N (S ) x N (T) ; 


Theorem 3. Let (F ; A) be a soft neutrosophic bi-LA- 


semigroup over BN(S) and \(H,.B,): JE J| bea 
non-empty family of soft neutrosophic biideals of 


(F,A) . Then 


Mumtaz Ali, Florentin Smarandache and Muhammad Shabir, Soft Neutrosophic Bi-LA-semigroup and Soft 


Neutrosophic N-LA-seigroup 


Neutrosophic Sets and Systems, Vol. 5, 2014 


1) Cf) (H ,B | is a soft neutrosophicbi ideal of 
KN Pd 
Jed 


(FA). 


22 A (H pb, ) is a soft neutrosophic biideal of 
Jed 


(FA). 


aye 
Jed 


(FA). 


(H, 


p B,) is a soft neutrosophic biideal of 


4) VV (H p B ;) is a soft neutrosophic biideal of 
Jed 


(FA). 
4 Soft Neutrosophic Storng Bi-LA-semigroup 


Definition 22. Let BN(S) be a neutrosophic bi-LA- 
semigroup and (F’, A) be a soft set over BN(S). Then 
(F’, A) is called soft neutrosophic strong bi-LA- 
semigroup if and only if F'(d@) is a neutrosophic strong 
sub bi-LA-semigroup for all ae A. 


Example 6. Let BN (S) be a neutrosophic bi-LA- 
semigroup in Example (1). Let A = {a,,a,} bea set of 
parameters. Then (F’, A) is a soft neutrosophic strong bi- 
LA-semigroup over BN (S ) ,where 


F(a,) = {(1,21,31,41} V{21,3]}, 


F(a,) = (1,21,31,41} VfL, 37}. 


Proposition 6. Let (fF, A) and (K,D) be two soft neu- 
trosophic strong bi-LA-semigroups over BN(S}). Then 


1. Their extended intersection (F’', A) O, (K, D) 
is soft neutrosophic strong bi-LA-semigroup over 
BN(S). 

2. Their restricted intersection (/’, A) ON, (K, D) 
is soft neutrosophic strong bi-LA-semigroup over 
BN(S). 

3. Their AND operation (F’,A) A(K,D) is soft 


neutrosophic strong bi-LA-semigroup over 
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BN(S). 


Remark 2. Let (F', A) and (K,D) be two soft neutro- 
sophic strong bi-LA-semigroups over BN (S') . Then 


1. Their extended union (/’, A) U, (K, D) is not 
soft neutrosophic strong bi-LA-semigroup over 
BN(S). 

2. Their restricted union (F', A) U, (K, D) is not 
soft neutrosophic strong bi-LA-semigroup over 
BN(S). 

3. Their OR operation (/’, A) V (K,D) is not 
soft neutrosophic strong bi-LA-semigroup over 


BN(S). 


One can easily proved (1),(2), and (3) by the help of 


examples. 


Definition 23. Let (/’, A) and (K, D) be two soft neu- 
trosophic strong bi-LA-semigroups over BN (S'). Then 
(K, D) is called soft neutrosophic strong sub bi-LA- 
semigroup of (/’, A), if 
1 BCA. 
2. K(q@) is aneutrosophic strong sub bi-LA- 
semigroup of /'(da) forall aeA. 


Theorem 4. Let (F ; A) be a soft neutrosophic strong bi- 


LA-semigroup over BN(S) and \(H,.B,): JE J| 
be a non-empty family of soft neutrosophic strong sub bi- 
LA-semigroups of (F : A) . Then 


lL Cf) R (H e B,) is a soft neutrosophic strong 
Jed 
sub bi-LA-semigroup of (F ; A) ; 


2 NA R (H as B,) is a soft neutrosophic strong sub 
Jed 
bi-LA-semigroup of (F ; A) 


ay. hy E (H B,) is a soft neutrosophic strong 
Jet 
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sub bi-LA-semigroup of (F : A) if 
B,OB,=9@ forall j,keJ . 


Definition 24. Let (/’, A) be a soft set over a neutrosoph- 
ic bi-LA-semigroup BN(S'). Then (/’, A) is called soft 
neutrosophic strong biideal over BN(S) if and only if 
F(a) isa neutrosophic strong biideal of BN(S), for all 


acA. 
Example 7. Let BN (SS) be a neutrosophic bi-LA- 


semigroup in Example (*). Let A ={a,,a,} bea set of 
parameters. Then clearly (F, A) is a soft neutrosophic 
strong biideal over BN(S) , where 


F(a,)={1L37} (1121, 37}, 
F(a,)={1,37} {2131}. 


Theorem 5. Every soft neutrosophic strong biideal over 
BN(S) is a soft neutrosophic biideal but the converse is 


not true. 
We can easily see the converse by the help of example. 


Proposition 7. Every soft neutrosophic strong biideal over 
a neutrosophic bi-LA-semigroup is trivially a soft 
neutrosophic strong bi-LA-semigroup but the converse is 
not true in general. 


Proposition 8. Every soft neutrosophic strong biideal over 
a neutrosophic bi-LA-semigroup is trivially a soft 
neutrosophic bi-LA-semigroup but the converse is not true 
in general. 

One can easily see the converse by the help of example. 
Proposition 9 . Let (F : A) and (K ; D) be two soft neu- 


trosophic strong biideals over BN (S$). Then 


1. Their restricted union (F ; A) U, (K, D) is not 


a soft neutrosophic strong biideal over BN(S). 


2. Their restricted intersection (F ; A) eis (K , D) 


is a Soft neutrosophic strong biideal over 


BN(S). 


3. Their extended union (F ; A) o (K : D) is not 
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a soft neutrosophic strong biideal over BN(S). 


4. Their extended intersection (F : A) O, (K : D) 


is a Soft neutrosophic strong biideal over 
BN(S). 

5. Their OR operation (FA) V (K,D) is not a 
soft neutrosophic biideal over BN(S). 


6. Their AND operation (FA) A (K,D) isa 
soft neutrosophic biideal over BN(S). 


Definition 25. Let (F : A) and (K,D) be two soft neu- 


trosophic strong bi- LA-semigroups over BN(S). Then 
(K,D) is called soft neutrosophic strong biideal of 


(FA), if 
1. DCA, and 


2. K(d) is aneutrosophic strong biideal of 
F(a),forall ac A. 


Theorem 6. A soft neutrosophic strong biideal of a soft 
neutrosophic strong bi-LA-semigroup over a neutrosophic 
bi-LA_semigroup is trivially a soft neutosophic strong sub 
bi-LA-semigroup but the converse is not true in general. 
Proposition 10. If (F , A) and (G, B ) are soft neu- 
trosophic strong biideals of soft neutrosophic bi-LA- 
semigroups (F : A) and (G, B ) over neutrosophic bi- 


LA-semigroups NV (S ) and N (T) respectively. Then 
(F , A) x (G ,B | is a soft neutrosophic strong biideal 
of soft neutrosophic bi-LA-semigroup (F ; A) x (G, B ) 
over N(S)xN(T). 

Theorem 7. Let (F : A) be a soft neutrosophic strong bi- 
LA-semigroup over BN(S) and \(H,.B,) IJ E J| 


be a non-empty family of soft neutrosophic strong biideals 


of (F,A) . Then 


l fC) R (H p B,) is a soft neutrosophic strong bi 


Jet 
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ideal of ( F, A) S, = ae DONA Dl or \ be another neutrosophic bi-LA- 


semigroup with the following table. 
2 A (H 7p? B :) is a soft neutrosophic strong enone & 


JE 


: VP PO 
— PP Pe 
. aeinmme PO 
Jet 
3 ] 3 3 lI 3] 3] 


biideal of (F’, A). 


reer 
4. =\V/ (H p B _ is a soft neutrosophic strong 


JeJ 


adie fpr fh fs 


5 Soft Neutrosophic N-LA-semigroup 





Definition 26. Let {S(V ), *,,*,,...5*, } bea And S, = 11, Re Pe Ris oe 31} is another neutrosophic LA- 


ic N-LA-semi F,A f ; 
neutrosophic N-LA-semigroup and (F’, A) be a soft set semigroup with the following table. 


PAI 3] 
Then (F’, A) is called soft neutrosophic N-LA-semigroup psp arta 
if and only if F(a) is a neutrosophic sub N-LA- ele |e) es | eye ey 
semigroup of S(V) forall acA. 
31 31 21 31 31 21 


over S(NV). 


Example 8. Let S(N) = {S,US,US,,*,,*,,*;} bea 
neutrosophic 3-LA-semigroup where 
S,= 11,2,3,4, 17,22, 31,47} is a neutrosophic LA- 
semigroup with the following table. 

aon ea a Let A= {da,,4,,a,} bea set of parameters. Then clearly 
Bal a a a lll al (F’, A) is a soft neutrosophic 3-LA-semigroup over 


Se | eee 
fe eae ee i | F(a) = (123,30 U(2,20, 





Fae a a Ee 
F(a,) ={2,21}0 (1,3, U7, 37} U {2, 3,21 31}, 
21 3] 21 A] 1I 3] 21 A] II 


oe | pe ee ae [oe ie te] 
F(a.) = {4,41} {11,31} 0 (2131), 
Proposition 11. Let (/’, A) and (K,D) be two soft neu- 


trosophic N-LA-semigroups over S(NV ). Then 
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1. Their extended intersection (F’, A) O, (K, D) 


is soft neutrosophic N-LA-semigroup over 


S(N ). 

2. Their restricted intersection (f°, A) MO, (K, D) 
is soft neutrosophic N-LA-semigroup over 
S(N). 

3. Their AND operation (F',A) A(K,D) is soft 
neutrosophic N-LA-semigroup over S(/V). 


Remark 3. Let (F’, A) and (K,D) be two soft neutro- 
sophic N-LA-semigroups over S(V). Then 


1. Their extended union (F’, A) U, (K, D) is not 
soft neutrosophic N-LA-semigroup over SCV ). 

2. Their restricted union (F’, A) U, (K,D) is not 
soft neutrosophic N-LA-semigroup over SCV ). 

3. Their OR operation (/,A) Vv (K,D) is not 
soft neutrosophic N-LA-semigroup over S(JV ). 


One can easily proved (1),(2), and (3) by the help of 


examples. 


Definition 27. Let (/’, A) and (K,D) be two soft neu- 
trosophic N-LA-semigroups over S(NV). Then (K,D) is 
called soft neutrosophic sub N-LA-semigroup of (/’, A), 
if 
1 DCA. 
2. K(@) is aneutrosophic sub N-LA-semigroup of 
F(a) forall ac A. 


Theorem 8. Let (F ; A) be a soft neutrosophic N-LA- 


semigroup over S(V) and \(H,,B,): JE J bea 
non-empty family of soft neutrosophic sub N-LA- 
semigroups of (F ; A) . Then 


Be. fy R (H a5 B.) is a soft neutrosophic sub N- 
Jet 
LA-semigroup of (F : A) 
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2 NA R (H ; B,) is a soft neutrosophic sub N- 
Jet 
LA-semigroup of (F : A) 


eS) 


LU) e (H p B,) is a soft neutrosophic sub N- 
Jed 
LA-semigroup of (F, A) if B OB,=¢@ for 
al j,keJ. 


Definition 28. Let (/, A) be a soft set over a neutrosoph- 
ic N-LA-semigroup S(V).Then (Ff, A) is called soft 
neutrosophic N-ideal over S(V) if and only if F(a) is 
a neutrosophic N-ideal of SCN) forall ac A. 


Example 9. Consider Example (***).Let A = {a,,a,} be 


a set of parameters. Then (F’, A) is a soft neutrosophic 3- 
ideal over S(NV ), where 


F(a,) = {LIU B3,30 {2,27}, 
F(a,) = {2,20 (11, 37} V {2,3,31}. 


Proposition 12. Every soft neutrosophic N-ideal over a 
neutrosophic N-LA-semigroup is trivially a soft 
neutrosophic N-LA-semigroup but the converse is not true 
in general. 


One can easily see the converse by the help of example. 


Proposition 13. Let (F : A) and (K ,D) be two soft 
neutrosophic N-ideals over S(V ) . Then 


1. Their restricted union (F ; A) U, (K,D) is not 


a soft neutrosophic N-ideal over S(V). 


2. Their restricted intersection (F : A) ‘er (K 3 D) 


is a soft neutrosophic N-ideal over S(NV). 


3. Their extended union (F e A) . (K ; D) is not 


a soft neutrosophic N-ideal over S(NV). 
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4. Their extended intersection (F : A) or (K ; D) 


is a soft neutrosophic N-ideal over S(V). 


Proposition 15. Let (F A) and (K,D) be two soft 
neutrosophic N-ideals over S(NV ) . Then 


1. Their OR operation (FA) V (K,D) is anot 
soft neutrosophic N-ideal over S(NV). 


2. Their AND operation (FA) A (K,D) isa 
soft neutrosophic N-ideal over SCV). 


Definition 29 . Let (F : A) and (K,D) be two soft neu- 
trosophic N- LA-semigroups over S(V).Then (K,D) 
is called soft neutrosophic N-ideal of (F ‘ A) , if 

1 BCcA,and 


2. K(d) is aneutrosophic N-ideal of F(a) for all 
aca. 


Theorem 8. A soft neutrosophic N-ideal of a soft neutro- 
sophic N-LA-semigroup over a neutrosophic N-LA- 
semigroup is trivially a soft neutosophic sub N-LA- 
semigroup but the converse is not true in general. 
Proposition 16. If (F A) and (G, B ) are soft neu- 
trosophic N-ideals of soft neutrosophic N-LA-semigroups 
(F : A) and (G, B ) over neutrosophic N-LA- 


semigroups N(S) and N (T) respectively. Then 
(F',A.)x(G,B ) isa soft neutrosophic N-ideal of soft 
neutrosophic N-LA-semigroup (F',A)x(G,B) over 
N(S)xN(T). 


Theorem 9. Let (F : A) be a soft neutrosophic N-LA- 


semigroup over S(V) and \(H,.B,): JE J| bea 
non-empty family of soft neutrosophic N-ideals of 


(F, A) . Then 


lL Cf) R (H p B,) is a soft neutrosophic N-ideal 
Jed 


of (FA). 


ek) 


2 A (H p B ;) is a soft neutrosophic N-ideal of 
Jed 


(FA). 


3. WD 


é& 
Jed 


(FA). 


(H p B,) is a soft neutrosophic N-ideal of 


4° V (H p B | is a soft neutrosophic N-ideal of 
Jed 


(FA). 
6 Soft Neutrosophic Strong N-LA-semigroup 
Definition 30. Let {S(V),*,,*,,...,*,} bea 
neutrosophic N-LA-semigroup and (F’,A) be a soft set 
over S(N). Then (F’,A) is called soft neutrosophic 
strong N-LA-semigroup if and only if F(a) is a 
neutrosophic strong sub N-LA-semigroup of S(NV) for 
all ac A. 
Example 10. Let S(N) = {S,US,US,,*,,*,,*,} bea 
neutrosophic 3-LA-semigroup in Example 8. Let 
A= {d,,a,,a,} be a set of parameters. Then clearly 


(F’, A) is a soft neutrosophic strong 3-LA-semigroup 


over S(NV ), where 
F(a) =e {27,37} 0 {21}, 
F(a,) ={2J}U 7,37} {21,31}, 


Theorem 10. If S(V) is a neutrosophic strong N-LA- 
semigroup, then (F’, A) is also a soft neutrosophic strong 
N-LA-semigroup over S(NV ). 


Proposition 17. Let (/’, A) and (K,D) be two soft neu- 
trosophic strong N-LA-semigroups over S(\V ). Then 


1. Their extended intersection (F’, A) A, (K, D) 


1s soft neutrosophic strong N-LA-semigroup over 


SV). 
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2. Their restricted intersection (f°, A) MO, (K, D) 
is soft neutrosophic strong N-LA-semigroup over 
S(N). 

3. Their AND operation (F',A) A(K,D) is soft 
neutrosophic strong N-LA-semigroup over 


SN). 


Remark 4. Let (F’, A) and (K,D) be two soft neutro- 
sophic strong N-LA-semigroups over S(NV ). Then 


1. Their extended union (F’, A) U, (K, D) is not 
soft neutrosophic strong N-LA-semigroup over 
S(NV). 

2. Their restricted union (F', A) U, (K, D) is not 
soft neutrosophic strong N-LA-semigroup over 
S(NV). 

3. Their OR operation (/’,A) V(K,D) is not 
soft neutrosophic strong N-LA-semigroup over 


S(NV). 


One can easily proved (1),(2), and (3) by the help of 


examples. 


Definition 31. Let (/’, A) and (K,D) be two soft neu- 
trosophic strong N-LA-semigroups over S(\V ) . Then 
(K, D) is called soft neutrosophic strong sub N-LA- 
semigroup of (F’, A), if 
3. DCA. 
4. K(q@) is aneutrosophic strong sub N-LA- 
semigroup of F(a) forall acA. 


Theorem 11. Let (F ; A) be a soft neutrosophic strong N- 
LA-semigroup over S(V) and \(H,.B,): JE J| be 


a non-empty family of soft neutrosophic strong sub N-LA- 
semigroups of (F ; A) . Then 


lL fC) R (H is B,) is a soft neutrosophic strong 
Jet 
sub N-LA-semigroup of (F ; A) , 
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2 NA R (H ; B,) is a soft neutrosophic strong sub 
Jet 
N-LA-semigroup of (F ; A) 


3. Kg (H ; B,) is a soft neutrosophic strong sub 
Jed 
N-LA-semigroup of (F, A) if BOB. = D 
forall j,keEJ . 


Definition 32. Let (/, A) be a soft set over a neutrosoph- 
ic N-LA-semigroup S(V). Then (F’, A) is called soft 
neutrosophic strong N-ideal over S(NV) if and only if 
F(a) isa neutrosophic strong N-ideal of S(V) for all 
aca. 


Proposition 18. Every soft neutrosophic strong N-ideal 
over a neutrosophic N-LA-semigroup 1s trivially a soft 
neutrosophic strong N-LA-semigroup but the converse is 
not true in general. 

One can easily see the converse by the help of example. 


Proposition 19. Let (F , A) and (K ,D) be two soft 
neutrosophic strong N-ideals over S(V ) . Then 


1. Their restricted union (F ; A) U, (K,D) is not 


a soft neutrosophic strong N-ideal over S(NV). 


2. Their restricted intersection (F , A) ‘an (K , D) 


is a soft neutrosophic N-ideal over S(NV). 


3. Their extended union (F : A) . (K : D) is also 


a not soft neutrosophic strong N-ideal over 


SN). 


4. Their extended intersection (F : A) OY, (K : D) 


is a soft neutrosophic strong N-ideal over S(V). 


5. Their OR operation (F, A) V (K,D) is anot 


soft neutrosophic strong N-ideal over SCV). 


6. Their AND operation (FA) A(K,D) isa 
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soft neutrosophic strong N-ideal over S(\V). 


Definition 33 . Let (F A) and (K,D) be two soft neu- 
trosophic strong N- LA-semigroups over S(V). Then 
(K,D) is called soft neutrosophic strong N-ideal of 
(FA), if 

1 BCcA,and 


2. K(qd) is aneutrosophic strong N-ideal of F(a) 
forall aEA. 
Theorem 12. A soft neutrosophic strong N-ideal of a soft 
neutrosophic strong N-LA-semigroup over a neutrosophic 


N-LA_semigroup is trivially a soft neutosophic strong sub 
N-LA-semigroup but the converse is not true in general. 


Theorem 13. A soft neutrosophic strong N-ideal of a soft 
neutrosophic strong N-LA-semigroup over a neutrosophic 
N-LA_semigroup is trivially a soft neutosophic strong N- 
ideal but the converse is not true in general. 


Proposition 20. If (F - A) and (G, B | are soft neu- 


trosophic strong N-ideals of soft neutrosophic strong N- 
LA-semigroups (F ; A) and (G,B ) over neutrosophic 


N-LA-semigroups NV (S ) and N (T) respectively. Then 
(F JA x (G ,B i is a soft neutrosophic strong N-ideal 


of soft neutrosophic strong N-LA-semigroup 


(F,A)x(G,B) over N(S)xN(T). 


Theorem 14. Let (F ; A) be a soft neutrosophic strong 


N-LA-semigroup over S(NV) and \(H,.B;): JE J| 
be a non-empty family of soft neutrosophic strong N-ideals 


of (F,A) . Then 


lL Cf) R (H eo B,) is a soft neutrosophic strong N- 
Jed 


ideal of (F, A) 


2 A (H p B ;) is a soft neutrosophic strong N- 
Jed 


ideal of (F, A) 


D7, 


eS) 


i 6 (H p B,) is a Soft neutrosophic strong N- 
Jed 


ideal of (F, A) , 


4.°V (H p B ;) is a soft neutrosophic strong N- 
Jed 


ideal of (F, A). 


Conclusion 


This paper we extend soft neutrosophic bisemigroup, 
soft neutrosophic N -semigroup to soft neutrosophic 
bi-LA-semigroup, and soft neutrosophic N -LA- 
semigroup. Their related properties and results are ex- 
plained with many illustrative examples. The notions 


related with strong part of neutrosophy also estab- 
lished . 
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Abstract. This paper is an attempt of proposing the 
processing approach of neutrosophic technique in image 
processing. As neutrosophic sets is a suitable tool to 
cope with imperfectly defined images, the properties, 
basic operations distance measure, entropy measures, of 
the neutrosophic sets method are presented here. In this 
paper we, introduce the distances between neutrosophic 
sets: the Hamming distance, the normalized Hamming 


distance, the Euclidean distance and normalized 
Euclidean distance. We will extend the concepts of 
distances to the case of neutrosophic hesitancy degree. 
Entropy plays an important role in image processing. In 
our further considertions on entropy for neutrosophic 
sets the concept of cardinality of a neutrosophic set will 
also be useful. Possible applications to image processing 
are touched upon. 


Keywords: Neutrosophic sets; Hamming distance; Euclidean distance; Normalized Euclidean distance; Image processing. 


1. Introduction 


Since the world is full of indeterminacy, the 
neutrosophics found their place into contemporary 
research. Smarandache [9, 10] and Salama et al [ 4, 5, 6, 
7, 8, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 
26, 45]. Entropy plays an important role in image 
processing. In this paper we, introduce the distances 
between neutrosophic sets: the Hamming distance. In 
this paper we, introduce the distances between 
neutrosophic sets: the Hamming distance, The 
normalized Hamming distance, the Euclidean distance 
and normalized Euclidean distance. We will extend the 
concepts of distances to the case of neutrosophic 
hesitancy degree. In our further considertions on entropy 
for neutrosophic sets the concept of cardinality of a 
neutrosophic set will also be useful. 


2. Terminologies 
Neutrosophy has laid the foundation for a whole family 
of new mathematical theories generalizing both their 


classical and fuzzy counterparts [1, 2, 3, 11, 27, 28, 29, 
30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 
46] such as a neutrosophic set theory. We recollect some 
relevant basic preliminaries, and in particular, the work 
of Smarandache in [9, 10] and Salama et al. [4, 5, 6, 7, 8, 
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 
45]. Smarandache introduced the neutrosophic 
components T, I, F which represent the membership, 
indeterminacy, and non-membership values respectively, 
where lo- al is nonstandard unit interval. Salama et al. 
introduced the following: 

Let X be a non-empty fixed set. A neutrosophic set A is 
an object having the form A= (Ha (X),04(4),V4(%)) 


Where LU, (x), om (x) and V4 (x) which represent the 
degree of member ship function (namely i, (x) ), the 
degree of indeterminacy (namely o, (x) ), and the degree 
of non-member ship (namely v , (x)) respectively of each 


element x € X to the set A where 
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O° < ,(x),0,4(%),V 4 (x) <1" and 
O-< u,(x)+0,4(x)+Vv, (x) < 3° .Smarandache 
introduced the following: Let T, I,F be real standard or 
nonstandard subsets of lor I | with 
Sup_T=t_sup, inf_T=t_inf 
Sup_I=i_sup, inf_I=1_inf 
Sup_F=f_sup, inf_F=f_inf 
n-sup=t_sup+i_sup+f_sup 
n-inf=t_inf+1_inf+f_inf, 
T, I, F are called neutrosophic components 
3. Distances Betoween Neutrosophic Sets 


We will now extend the concepts of distances presented 
in [11] to the case of neutrosophic sets. 


Definition 3.1 

Let A= \(1t4 (0). V4 (2), v4(x)),x€ x} and 
B= (11g (%),V p(x), 7p (4),x € X} in 
. sdk nO aoe an then 


1) The Hamming distance is equal to 


dy,(A,B)= Sune) - we [+a —Ve + 74-72) 
i=l 


11) The Euclidean distance is equal to 





: ¥ (4 (x,)— ug (x) +4) —va (a) + (Ya) —7e (x,)] 


l= 


11) The normalized Hamming distance is equal to 


1 n 
NH y,(A,B)= Sy es (x;) — My (%) 


) 








+|v4(%)) -—Vg (| +|¥4 0) -— 7a) 


iv) The normalized Euclidean distance is equal to 


NE y,(A, B) = 





i n 
Spb (leas) aol)? + (V4 (4)) -V g(a)” + (v4) —7e@))?) 


Example 3.1 
Let us consider for simplicity degenrated 
neutrosophic sets A,B, D,G,F in X = a}. A full 
description of each neutrosophic set 1.e. 
A= \(i4 (X),V4(X),7%4(X)), a € x} , may be exemplified 


by A = {(1,0,0),a e X}, B= {(0,1,0),ae x} 
D=((0,0,1),aeX} G=((0.5,0.5,0),aeX} 
E = ((0.25,0.25,0.0.5),ae X},. 

Let us calculate four distances between the above 


neutrosophic sets using 1), 11), 111) and iv) formulas , 


D(0, 0, 1) 


A(1, 0, 0) G B(0, 1, 0) 
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(Fig.1) A geometrical interpretation of the neutrosophic 
considered in Example 5.1 . 


We obtain é y, (A, D)=— pCR (B, D)=— 
és (AB)=—, ens (AG)=—, en, (B.G)= 
ens (E.G) = 7 ey;(D,G) = 
NE y,(A,D)=1, NE y,(B,D)=1, NEy,(A,G)= = 
NE y,(B,G)=—, NEy,(B,G)= = NEw; (E,G) = 7 a 
v3 

2 

From the above results the triangle ABD (Fig.1) 

has edges equal to V2 and 


= 
2 


nd NE, (D,G)= 


9 


1 
ey (A, D) = ens (B,D) = ens (A,B) => and 


NE y,(A, B)= NEy, (A, D)= NE y,(B, D)= 
2NE y,(A,G)= 2NE y,(B,G)=1,and NEw, (E,G)is 
equal to half of the height of triangle with all edges equal 


V3 


1 
to V2 multiplied by, — i.e. —. 


ny 4 
Example 3.2 
Let us consider the following neutrosophic sets A 
and Bin X = {a,b,c,d,e}., 


A = {(0.5,0.3,0.2),(0.2,0.6,0.2), (0.3,0.2,0.5), (0.2,0.2,0.6), (1,0,0)} 
B = ((0.2,0.6,0.2),(0.3,0.2,0.5), (0.5,0.2,0.3), (0.9,0,0.1), (0,0,0)} 
.Then 

dy,(A,B)=3, NH y, (A, B)=0.43, ey, (A, B)=1.49 

and NE y, (A, B)=0.55. 


Remark 3.1 
Clearly these distances satisfy the conditions of 
metric space. 
Remark 3.2 
It is easy to notice that for formulas 1), 11), 111) and 
iv) the following is valid: 
a) O<dy,(A,B)<n 


b) O<NA,,(A,B)<1 


c) O<e,,(A,B)< vn 
d) O<NE,,(A,B)<1. 
This representation of a neutrosophic set (Fig. 2) will be 


a point of departure for neutrosophic crisp distances, and 
entropy of neutrosophic sets. 
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“ A?°C0, 0,0) 








” D°(0,1 , 0) 


Fig. 2. A three-dimension representation of a 
neutrosophic set[9, 10]. 


4. Hesitancy Degree and Cardinality for 
Neutrosophic Sets 

We will now extend the concepts of distances to the case 
of neutrosophic hesitancy degree. By taking into account 
the four parameters characterization of neutrosophic 
sets Le. A={< wy (x),V4 (0), 74 (4), 74(x) > xe X} 


Definition4.1 
Let A= \(Lt4 (X),V4(X), V4 (X)), x © x} and 
B= (Up (2), 5 (0). 75 (0), x © X fon 
X= iets oe x,} 
For a neutrosophic 
set A = {(s14(x),V4(x),%4 (0), x © X fin X, we 
call z, (x) =3—-Uy(x)—-V,4(x)—7,4(4), the neutrosophic 
index of x in A. It is a hesitancy degree of x to A it is 
obvtous that O< 7, (x) S23: 
Definition 4.2 
Let A = \(104(X).V4(%), v4(x)),x€ X \and 
B = {(t1g(X),Vg(%), 7p (%)),x € X fin 
X= ae MX cates x,} then 
1) The Hamming distance is equal to 
dy, (A,B) = pal Ke = py (%;)|+ Va) Va | +74) — 75) + [244-20 )) 
. Taking into account that 
7 4(x;)= 3 = Hy (%) —ValG)— Ya) and 
g(x; )=3- Mp (X;)-—Vp (Xj )— 7B) 
we have 
\a4(x;)- 1p (x;)| = 3 — fa(X%) — V4) — V4 (%)) — 3+ Ha) + VR (0%) + (x) 


< |p (x) — Ha @)|+\Va @)—-Va +78) - 14 OY) 
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11) The Euclidean distance is equal to 





= (uss) Hal) +(v4(x,)-vp(x)) +(74(5;)-7p (a) + (r(x) (x,))] 


[= 


we have 
(x 4 (x, )- TB (x; yy - 
(= 4 VA )— 14 )+ Ma) +VB)+7 8) 
= (Mp (a;)— Malai)” + (Vale) -Va()) + 
(Ya(%)-7%—(%)) 
+ 2(Mp (Xj) — Ma; (v4 (Xj; )-Vp(X; )) 
(VB (X%))-— V4 (%;)) 
11) The normalized Hamming distance is equal to 


| n 
NH y,(A. B) = yeaa Hal) +|V4(%))-Vg (x) +|74(%))- 750%) +|r4(x))-mp(x)) 


iv) The normalized Euclidean distance is equal to 





1 n 
NE y,(A, B) = sy lle) ata? +(V4(x))-vg(x)) +(74(%;)-7_(x))) + (g(x) a9(«;)?) 


5.2 Remark 
It is easy to notice that for formulas 1), 11), 111) and 
the following 1s valid: 


a) O<d,,(A,B)< 2n 
b) O<NH,,(A,B)<2 


c) 0<e,,(A,B)< V2n 
d) O<NE,,(A,B)< V2. 


5. from Images to Neutrosophic Sets, and 
Entropy 

Given the definitions of the previous section several 
possible contributions are discussed. Neutrosophic sets 
may be used to solve some of the problems of data 
causes problems in the classification of pixels. Hesitancy 
in images originates from various factors, which in their 
majority are due to the inherent weaknesses of the 
acquisition and the imaging mechanisms. Limitations of 
the acquisition chain, such as the quantization noise, the 
suppression of the dynamic range, or the nonlinear 
behavior of the mapping system, affect our certainty on 
deciding whether a pixel is “gray” or “edgy” and 
therefore introduce a degree of hesitancy associated with 
the corresponding pixel. Therefore, hesitancy should 
encapsulate the aforementioned sources of indeterminacy 
that characterize digital images. Defining the 
membership component of the A—NS that describes the 
brightness of pixels in an image, is a more 
straightforward task that can be carried out in a similar 
manner as in traditional fuzzy image processing systems. 
In the presented heuristic framework, we consider the 
membership value of a gray level g to be its normalized 
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intensity level; that 





iS ,(g) = = where g ¢(0,..,L-1}.It should be 


mentioned that any other method for 

calculating ,(g) can also be applied. 

In the image is A being (x, y) the coordinates of each 
pixel and the g(x, y) be the gray level of the pixel 
(x, y) implies 0 < g(x, y) < L—1. Each image pixel is 
associated with four numerical values: 

e A value representing the membership s , (x) , 
obtained by means of membership function 
associated with the set that represents the 
expert’s knowledge of the image. 

e A value representing the indeterminacy v, (x), 
obtained by means of the 
indeterminacy function associated with the set 
that represents the ignorance 
of the expert’s decision. 

e A value representing the non- 
membership vy , (x) , obtained by means of the 
non -membership function associated with the 
set that represents the ignorance 
of the expert’s decision. 

e A value representing the hesitation 


measure 7 , (x), obtained by means of 
the z4(x)=3-u,4(%) —Vva(x)-— 74 (0) | 


Let an image A of size M~xWN pixels having L gray 
levels ranging between O and L-/. The image in the 
neutrosophic domain is considered as an array of 
neutrosophic singletons. Here, each element denoted the 
degree of the membership, indeterminacy and non- 
membership according to a pixel with respect to an 
image considered. An image A in neutrosophic set 


is A= }< 4 (84)V a (Bi %a( By) > By € 0. LL} 
where Mal 8) Vali )¥a (8; ) denote the degrees of 


membership indeterminacy and non-membership of the 
(i, j)—th pixel to the set A associated with an image 
2s § — § min 
property “,(g) =————— where Q,,,and g,,,x are 
— § max 
the minimum and the maximum gray levels of the image. 
Entropy plays an important role in image processing. In 
our further considertions on entropy for neutrosophic 
sets the concept of cardinality of a neutrosophic set will 
also be useful 


Definition 5.1 

Let A=((4(2),V4 (4), 74 (x), xEX) a 
neutrosophic set in X, first, we define two cardinalities 
of a neutrosophic set 


e The least (sure) cadinality of A is equal to so is 
called segma-count, and is called here the 
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min ) cont(A) = ¥ w4(x;)+ Dv 4(x;) 
=| = 


e The bigesst cadinality of A , which is possible 
due to 7, (x)is equal to 


max )cont(A) = ¥ (44x; )+ 74 (4))) + Xv a(x) + 74 0;)) 
= i=l 


and , clearly for A© we have 


min \cont(AS) = Yy4(x;)+ Xva(x;), 
= = 


max Ycont(A®) = > (74 (x;)+ 24 (%))) + Vv qla;) + 74(%;)) 
i=l | 


i=] 
. Then the cadinality of neutrosophic set is defined as 
the interval 
Card (A) = [min )_ Cont(A), max >> Cont(A)| 


Definition 5.2 
An entropy on NS(X) is a real-valued 


functional FE: NS(X) — [0,1], satisfying the following 
axiomatic requirements: 

E,. E(A) =0 iff A is a neutrosophic crisp set; that is 
Ma(x;) =0 or wy(x;) =1 forall x, € X. 

E,: E(A)=1 iff w,(4;) =V4(4;) = 74 (4; ) for 

allx; ¢ X.thatis A= A‘. 

E;. E(A) < E(B) if A refine B;siec. A<B. 

Ey. E(A) = E(A‘) 

Where a neutrosophic entropy measure be define as 

n max Count\A; ~ A; 


E(A)=—> 
n i=1 max Count\A, U A; 


where 


n=Cardinal(X ) and A, denotes the single-element 


A-NS corresponding to the i element of the universe X 
and is described as 

A; = (4 (X;),V 4 (Xj), 7% 4%), %; © X}. 

In other words, A, is the i “component” of A. 
Moreover, max Count(A) denotes the biggest 


cardinality of A and is given by : 
max ¥\cont(A) = > (14 (x; )+ 24 (%;)) + v4 (x; )4+244;)) 
i=l ; 


i=l 


Conclusion 

Some of the properties of the neutrosophic sets, Distance 
measures, Hesitancy Degree, Cardinality and Entropy 
measures are briefed in this paper. These measures can 
be used effectively in image processing and pattern 
recognition. The future work will cover the application 
of these measures. 
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Abstract. In this study, we introduce the concept of neu- ods for neutrosophic soft multi-set theory. Finally, an ap- 


trosophic soft multi-set theory and study their properties plication of this method in decision making problems is 
and operations. Then, we give a decision making meth- presented. 


Keywords: Soft set, neutrosophic set, neutrosophic refined set, neutrosophic soft multi-set, decision making. 


1. Introduction 


In 1999, a Russian researcher Molodtsov [23] 
initiated the concept of soft set theory as a 
general mathematical tool for dealing with 
uncertainty and vagueness. The theory is in 
fact a set-valued map which is used to de- 
scribe the universe of discourse based on 
some parameters which is free from the pa- 
rameterization inadequacy syndrome of fuzzy 
set theory [31], rough set theory [25], and so 
on. After Molodtsov’s work several research- 
ers were studied on soft set theory with appli- 
cations (1.e [13,14,21]). Then, Alkhazaleh et 
al [3] presented the definition of soft multiset 
as a generalization of soft set and its basic op- 
eration such as complement, union, and inter- 
section. Also, [6,7,22,24] are studied on soft 
multiset. Later on, in [2] Alkazaleh and Salleh 
introduced fuzzy soft set multisets, a more 


general concept, which is a combination of 
fuzzy set and soft multisets and studied its 
properties and gave an application of this 
concept in decision making problem. Then, 
Alhazaymeh and Hassan [1] introduce the 
concept of vague soft multisets which is an 
extension of soft sets and presented applica- 
tion of this concept in decision making prob- 
lem. These concepts cannot deal with inde- 
terminant and inconsistent information. 


In 1995, Smarandache [26,30] founded a the- 
ory is called neutrosophic theory and neutro- 
sophic sets has capability to deal with uncer- 
tainty, imprecise, incomplete and inconsistent 
information which exist in real world. The 
theory is a powerful tool which generalizes 
the concept of the classical set, fuzzy set [31], 
interval-valued fuzzy set [29], intuitionistic 
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fuzzy set [4], interval-valued intuitionistic 
fuzzy set [5], and so on. 


Recently, Maji [20] proposed a hybrid struc- 
ture is called neutrosophic soft set which is a 
combination of neutrosophic set [26] and soft 
sets [23] and defined several operations on 
neutrosophic soft sets and made a theoretical 
study on the theory of neutrosophic soft sets. 
After the introduction of neutrosophic soft set, 
many scholars have done a lot of good re- 
searches in this filed [8,9,11,18,19,27,28]. In 
recently, Deli [16] defined the notion of inter- 
val-valued neutrosophic soft set and interval- 
valued neutrosophic soft set operations to 
make more functional. After the introduction 
of interval-valued neutrosophic soft set 
Broumi et al. [10] examined relations of in- 
terval-valued neutrosophic soft set. Many 
interesting applications of neutrosophic set 
theory have been combined with soft sets in 
[12,17]. But until now, there have been no 
study on neutrosophic soft multisets. In this 
paper our main objective is to study the 
concept of neutrosophic soft multisets which 
is a combination of neutrosophic mul- 
ti(refined) [15] set and soft multisets [3]. The 
paper is structured as follows. In Section 2, 
we first recall the necessary background ma- 
terial on neutrosophic sets and soft set. The 
concept of neutrosophic soft multisets and 
some of their properties are presented in 
Section 3. In Section 4, we present algorithm 
for neutrosophic soft multisets. In section 5 an 
application of neutrosophic soft multisets in 
decision making is presented. Finally we 
conclude the paper. 


2. Preliminaries 


Throughout this paper, let U be a universal set 
and E be the set of all possible parameters un- 
der consideration with respect to U, usually, 
parameters are attributes, characteristics, or 
properties of objects in U. 
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We now recall some basic notions of, neutro- 
sophic set, soft set and neutrosophic soft sets. 
For more details, the reader could refer to 
[15,20,23,26,30]. 


Definition 2.1.[26] Let U be a universe of 
discourse then the neutrosophic set A is an 
object having the form 


A= {<X! Ha, Yaa) @aw> xX € UF 


where the functions p, v, « : U—] 0,1°[ de- 
fine respectively the degree of membership, 
the degree of indeterminacy, and the degree 
of non-membership of the element x € X to 
the set A with the condition. 


0 SHA(x) + VA) + Way S 3°. 


From philosophical point of view, the neu- 
trosophic set takes the value from real stand- 
ard or non-standard subsets of ]—0,17[. So in- 
stead of |] 0,1°[ we need to take the interval 
[0,1] applications 
cause ] 0,1°[ will be difficult to apply in the 


for technical 


real world applications such as in scientific 
and engineering problems. 


For two NS, 

Ns= {<X, Ha (X), Va(X) , @,a(X)>1x € X } 
and 
Bus= {<X, Up(X), Vg(X) , Wp (x)> 1 x € X } 
Set- theoretic operations; 


1. The subset; ys © Bygsitf and only if 
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Ua(x) S Up), va(X) 2 vp (x) and 
W(X) = W(X). 


2. ws = Byg if and only if, 


Ma (x) =Hp(X) ,v4(X) =vp(x) and 
W(X) =Wp (x) 


for any X € X. 


3. The complement of yg is denoted by 
Ns and is defined by 


Ns = {<X, @,(X), 1 — va(X), a(x) | 
x € X} 


4. The intersection 


ANB={<x, min{H, (x), Hp (x)}, 
max{v, (Xx), Vg(x)}, 
max{w, (x), Wp (x) }>:x € X} 


5. The union 


AUB = {<x, max{U, (x), Up (x)}, 
min{v, (x), Vp(x)}, 
min{w, (x), Wp (x) }>:x € X} 


Definition 2.2 [23] Let U be an initial universe 
set and E be a set of parameters. Let P (U) denotes 
the power set of U. Consider a nonempty set A, A 
Cc E. A pair (K, A) 1s called a soft set over U, 
where K is a mapping given by K: A — P(U). 


For an illustration, let us consider the follow- 
ing example. 


Example 2.3. Suppose that U is the set of houses 
“ hyo}. Let 
E be the set of some attributes of such houses, say 


under consideration, say U = {hy, hy, .. 
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., e4 Stand for 
in the green 


E = {e), @2,..., e4}, where ej, eo, .. 


99 6G 


the attributes “beautiful”, “costly”, 
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surroundings’”, “moderate”, respectively. In this 
case, to define a soft set means to point out expen- 
sive houses, beautiful houses, and so on. For ex- 
ample, the soft set (K, A) that describes the “at- 
tractiveness of the houses” in the opinion of a 


buyer, says Mrs X, may be defined like this: 
A= {€1,€2,€3,€4 }; 


K(e;) = {hi, hs, hy}, K(er) = {ho }, K(e3) = {hio}, 
K(e4) = U 


Definition 2.4[20] Let U be an initial universe 
set and A C Ebe a set of parameters. Let NS 
(U) denotes the set of all neutrosophic subsets 
of U. The collection (F, A) is termed to be the 
neutrosophic soft set over U, where F is a 
mapping given by F:A — NS(U). 


Example 2.5 [20] Let U be the set of houses 
under consideration and E is the set of parame- 
ters. Each parameter is a neutrosophic word or 
sentence involving neutrosophic words. Con- 
sider EF = {beautiful, wooden, costly, very 
costly, moderate, green surroundings, in good 
repair, in bad repair, cheap, expensive}. In this 
case, to define a neutrosophic soft set means to 
point out beautiful houses, wooden houses, 
houses in the green surroundings and so on. 
Suppose that, there are five houses in the uni- 
., hs} and the 
set of parameters A = {e,,@2, e€3, €4},where e, 


verse U given byU = {hy,, hy,.. 


stands for the parameter ‘beautiful’, e, stands 
for the parameter “wooden’, e3 stands for the 
parameter ‘costly’ and the parameter e, stands 
for ‘moderate’. Then the neutrosophic soft set 
(F, A) is defined as follows: 
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3-Neutrosophic Soft Multi-Set Theory 


In this section, we introduce the definition of 
a neutrosophic soft multi-set(Nsm-set) and its 
basic operations such as complement, union 
and intersection with examples. Some of it 1s 
quoted from [1,2,3, 6,7,22,24]. 


Obviously, some definitions and examples are 
an extension of soft multi-set [3] and fuzzy 
soft multi-sets [2]. 


Definition 3.1. Let {U;:i € I}be a collection of 
=, {Ey:ie DB 
be a _ collection of sets of parameters, 
U=]ie NSM(U;) where NSM(U;) denotes the set 
of all NSM-subsets of Uj and E=|]ie Ey; 


and CE. Then, Nagis a neutrosophic soft 


universes such that ()je, U; 


multi-set (Nsm-set) over U, where Nag is a 
mapping given by Na: A- U. 


Thus, a Nsm-set N, over U can be represent- 
ed by the set of ordered pairs. 


Na={(X1, Na(x1)): x4 Ee ¢ E}. 


To illustrate this let us consider the following 
example: 


Example 3.2 Suppose that Mr. X has a budg- 
et to buy a house, a car and rent a venue to 
hold a wedding celebration. Let us consider a 
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Nsm-set Nawhich describes “houses,” “cars,” 


and “hotels” that Mr.X 1s considering for ac- 
commodation 


purchase, __ transportation- 
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purchase, and a venue to hold a wedding cel- 
ebration, respectively. 


Assume that U,={u,,U9, U3, Uy}, 
U,= {C1,C2,C3,Cz } and U3= {h,,h5, hs \ are 
three universal set and 


Ejeix, <2 U4 


E,= {x,02 = expensive,x,¥2 = 


= expensiv,x,¥1 = cheap,x,¥1 = — wooden}, 


in green surroundings, x,¥2 = sporty} and 


U3 U3 


E3= {x,U3=expensive,x,¥? = majestic, x3;¥3 = in Kuala Lumpur} 


Three parameter sets that is a collection of 
sets of decision parameters related to the 
above 

universes. 


Let U=[]; NSM(U;) and E=[]}Ey, and CE 
such that 


A={Xq = {%,72, X12, X13}, X_ = {XQ 04, X22, X23} 


and 
U2 U3 U4 
Na(X1)= {ct 3,4)? (.2,.4,4)’ (.3,.3,.5)? (7,8, mi 


{ Cy C2 C3 Cy } 
(.7,.1,.5) ’ (.2,.5,.7)’ (.7,.8,.0) ” (.0,.0,.0))’ 


{ h, h, hg } 
(.0,.0,.0) ” (1,1,.0) ’ (.9,.2,.5) 



































U2 U3 U4 
Na(k2)= fatty: ” (.1,.8,.9)’ (.0,.0,1)’ aaah 


{ Cy C2 C3 C4 } 
(.5,.5,.5) ’ (.5,.3,.7)’ (.5,.4,.3)’ (1,1,1))’ 























h, h, hg 
(1,.2,.5) ’ (1,1,1)’ (.1,.8,.6) 


Then a Nsm-set Na 1s written by 


A= 


( aa aah 
(.7,.1,.5) ’ a (.7,.8,.0) ’ (.0,.0,.0) 

















hi = hp Sih 


(.0,.0,.0) ’ (1,1,.0) ’ (.9,.2, 3))} 


Ca enera cence: 
2”\L01,.5,.3) ’ (18,9) (.0,.0,1)’ (.2,.8,.5) 


j C3 C4 \ { hy hg h3 ) 
(.5,.5,.5) ” an 3, a (.5,.4,.3)” (.1,1,1)J’ (1,.2,.5) 7 (1,1,1)’ (:1,.8,.6) 
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Definition 3.3. Let N, be a Nsm-set. Then, a 
pair (x,°i,Na(x,i)) is called an U;-Nsm-set 
part, 

x, i € x, and Na(xi75) Cc 

Na(x,) such that x, € {Xj, Xz, «.. 
{1,2, ...,m} andj € {1,2, ...,r}. 


Xn} ie 


Example 3.4. Consider Example 3.2. Then, 














ae U _ U, 1 u2 u3 U4 
(x, Nai ey > {(x:% EEE ” (0.2,0.4,0.4) ’ (0.3,0.3,0.5) ’ Serene 


Uy uy u2 u3 U4 
X2 ) ) , , ) 
(0.1,0.5,0.3) ~ (0.1,0.8,0.9) (0.0,0.0,1.0) (0.2,0.8,0.5) 














is a U,-Nsm-set part of Na. 


Definition 3.5. Let N, and Ng be a Nsm-sets. 


Then, Na, is NSMS-subset of Np, denoted by 
Na © Ng if and only if Na(x,45) is aneut — 
rosophic subset of Ng(x,¥i) for all x;4i € x, 


such that x, € {X1, Xo) Xp} 


i € {1,2, ...,.m} andj € {1,2, ...,r}. 

Example3.4. Let 

A={x, = {x,"1,x,92,x1 93}, x2 = {x2"1,x2"2, x23} 
and 


Bag 4g 5 2k ks 1 a ee} 


Xg = {x3"1,x32,x3"3}} 


Clearly AS B. Let Nag and Np be two Nsm- 
set over the same U such that 
= uy ug U3 U4 
NAS {(x1. ((ostton ” (0.2,0.4,0.4) ’ (0.3,0.3,0.5) ’ area} 


{ Cy C2 C3 C4 } 
(0.7,0.1,0.5) ’ (0.2,05,0.7) ’ (0.7,0.8,0.0) ’ (0.0,0.0,0.0) 


{ hy h, hs \) 
(0.0,0.0,0.0) ’ (1.0,1.0,0.0) ’ (0.9,0.2,0.5) : 


se (oro uz u3 U4 iF 
TERE (0.1,0.8,0.9) ’ (0.0,0.0,1.0) ’ (0.2,0.8,0.5) 


hz h3 


{<1 ee eee ee eeeeet 
TIO (0.5,0.3,0.7) ’ (0.5,0.4,0.3) ’ (0.1,1.0,1.0) 
(aonsop’ ” (1.0,1.0,1.0)’ wea) 
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Ne ={(x (tesonaa OER Cee 
B a 0103 | (0.3,0.3,0.3) ’ (0.7,0.2,0.4) ’ (0.8,0.6,0.3) 


{-—S C2 C3 C4 \ 
me toa (0.3,0.7,0.6) ’ (0.8,0.4,0.0) ’ (1.0,0.0,0.0) 
amie oo ane) 
TRITTO (0.9,0.7,0.0) ’ (1.0,0.0,0.0) 


(x (tososaa CE OE CTE 
- (oa0303) (0.7,0.6,0.4) ’ (0.8,0.0,0.7) ’ (0.5,0.6,0.3) 


C2 C3 C4 } 
TRON (0.7,0.2,0.6) ’ (0.6,0.1,0.2) ’ (1.0,0.3,0.1) 


h, h3 \) }t. 
Z RET Gre (1.0,0.0,0.1) ’ (0.8,0.3,0.4) 


foerre) 
(ce 
bs (anon janet TERE anno} 
cree) 


C2 C3 C4 I, 
ET ETI. (0.8,0.3,0.1) ’ (0.3,0.5,0.6) ” (0.9,0.3,0.2) 


aanana ‘Ooany’ Gana) 
CERETIO (0.0,1.0,0.2) ’ (0.3,0.6,0.5) 


Then, we have Na ENg. 


Definition 3.6. Let Na and Ng are two Nsm- 
sets. Then, Ny = Ng, if and only if Na © Np 
and Np CN,g. 


Definition 3.7. Let N, bea Nsm-set. Then, 
the complement of N,, denoted by Nj, , is de- 
fined by 


NG =ee NS (x )): x E€ C€ E} 
where N(x) is aNM complement. 


Example3.4. 
O — ge 2 es * 
Na (x) = {(x:, (lara ’ (0.4,0.6,0.2) ’ (0.5,0.7,0.3)’ canton} ; 


{-——L_ p> Ee. C3 C4 \ 
TAT ECE (0.7,0.5,0.2) ’ (0.0,0.2,0.7) ’ (0.0,1.0,0.0) 


hy h3 \))., 
aurea (0.0,9.0,1.0) ’ (0.5,0.8,0.9) 


C2 C3 C4 " 
TTL (0.7,0.7,0.5) ” (0.3,0.6,0.5) ’ (1.0,0.0,0.1) 


hz hz 


Keone 
(2 (nso ETETENE EERE TEREnO 
(ceoem) 
corn ’ (1.0,0.0,1.0) aa)))| 


Definition 3.8. A Nsm-set Ny over U is 
called a null Nsm-set, denoted by Na, if all 


of the Nsm-set parts of Naequals @. 


Example3.4. Consider Example 3.2 again, 
with a Nsm-set Nag which describes the ”at- 
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99° 99 


tractiveness of stone houses’, ’’cars” and ”ho- 


tels”. Let 

A={xy = (102, x1 92,X, 03} X2 = {X21 X22, X23}. 
The Nsm-set Na is the collection of approxi- 
mations as below: 


C (ees rere rT: 
(0.0,1.0,1.0) ” (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


{1 __ ee C3 C4 \ 
TERE (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


— he hz ty), 
Ne (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


X (aosaa uz u3 U4 i 
a anno (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ” (0.0,1.0,1.0) 


{4 _ C2 C3 Cy \ 
REREO (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


ho hz }) 
TEEEETE (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


Then, Nag 1s a null Nsm-set. 


Definition 3.8. A Nsm-set N, over U is called a semi- 
null Nsm-set, denoted byNa _ gif at least all the Nsm-set 


parts of Na_,equals @. 


Example3.4. Consider Example 3.2 again, with a Nsm- 


set N, which describes the ”attractiveness of stone 


houses”, cars” and “hotels”. Let 


A={X, = x 71, Xy nee x, 3}, io = {x, 1, XK V2, x2U3}h 


The Nsm-set Na is the collection of approximations as 
below: 


U2 U3 U4 
6 = {x Won ” (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ” aa 
C2 C3 C4 
ERECT (0.7,0.5,0.2) ’ (0.0,0.2,0.7) ’ aoa 
h2 h3 
(aorsao’ ” (0.0,9.0,1.0) ’ Ensen })} 


(x (tearm a ONTE UU CEnO 
a won03 (0.0,1.0,1.0) ’ (0.0,1.0,1.0) ’ (0.0,1.0,1.0) 


ft C2 C3 C4 \ 
foseeony (0.7,0.7,0.5)” (0.3,0.6,0.5) ’ (1.0,0.0,0.1) 


oe hz ) 
oo (1.0,0.0,1.0) ’ (0.6,0.2,0.1) 


Then Na. 1s a semi null Nsm-set 
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Definition 3.8. A Nsm-set Ng over U is 


called a semi-absolute Nsm-set, denoted by 
Naxy; lf Na(x) = U; for at least one x, € 
{X1, Xp, --)Xp} i € {1,2,...,m} andj € {1,2, ...,r}. 


Example3.4. Consider Example 3.2 — 


eee 


with a Nsm-set Nag which describes the 


99° 99 


tractiveness of stone houses’, ’’cars” and a 


tels’. Let 

A= {xq = (X17, 102, X13} Xo = (21, X22, X23} 
The Nsm-set Na is the collection of approxi- 
mations as below: 


A 
(1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) (1.0,0.0,0.0) : 


{ Cy C2 C3 C4 i 
(0.5,0.9,0.7) ” (0.7,0.5,0.2) ’ (0.0,0.2,0.7) ’ (0.0,1.0,0.0))’ 


{ hy ho h3 }) 
(0.0,1.0,0.0) ’ (0.0,9.0,1.0) ’ (0.5,0.8,0.9) . 


(x ({ U4 u2 U3 U4 i 
2” \ ((1.0,0.0,0.0) ’ (1.0,0.0,0.0) ’ (1.0,0.0,0.0) ’ (1.0,0.0,0.0) J” 


{ Cy C2 C3 C4 ; 
(0.5,0.5,0.5) ’ (0.7,0.7,0.5) ’ (0.3,0.6,0.5) ’ (1.0,0.0,0.1)J)’ 


{ hy h2 hg 


(0.5,0.8,1.0) ’ (1.0,0.0,1.0) ’ aa!) 


Then, Naxy,iS a semi-absolute Nsm-set. 


Definition 3.8.4 Nsm-set Na over U is called 


an absolute Nsm-set, denoted by Nay, if 


Na(xi7i) = U; for alli. 


Example 3.4. Consider Example 3.2 — 


aes) 


with a Nsm-set Nag which describes the 


99 99 


tractiveness of stone houses’, ’’cars” and _ 


tels’. Let 

A= {xq = (e172, X152, X13} Kp = (KQU4,XQ02, XQ 3}F 
The Nsm-set Na is the collection of approxi- 
mations as below: 
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Se | 


(1,.0,.0) ’ (1,.0,.0) ’ (1,.0,.0) ’ (1,.0,.0) 














- ct EZ uae es ; Na={(X1, (Fret 
(1,.0,.0) ’ (1,.0,.0) ’ o 0, a, (1,.0,.0))’ 
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uz u3 U4 I. 


(.5,.3,.4) ” (.2,.4,4) ” (.3,.3,.5)” (7,.8,.4) 





























Cy C2 C3 C4 
{ hy h2 =), ists 235-7)" os .8,.0) ’ (.0, +}. 
(1,.0, 0)’ a .O, 0)’ (1,.0,.0) { hy h2 )), 
(.0,.0,.0).? (1)4,.0)” 5 
Se eae eS ee nl a ee 
(1,.0,.0) ’ (4,.0,.0)’ (4,.0,.0) ’ (4,.0,.0) C2 Gee aa aul ee 
{ Cy C2 C3 C4 \ {—4— a) See at 
(1,.0,.0) J (1,.0,.0) J 0, 0) J (1, 0,.0) 9 ae oe (.5, A, 3) Gis 1 1) 
1 2 
{ ha hz b)) la .2,.5) ’ (1,1,1)’ (1,8, 2h}. 
(1,.0,.0) ” (1,.0,.0) ” <5 
- uy Uz U3 U4 
Ne=lOun does » ’ (.4,.3,8)’ (.6,.5,4)’ ol 
Then, ,y,JS an absolute Nsm-set. C1 C2 C3 C4 
: (5x6 8). (e738), (3. 5,6)’ (1,.0,.0))’ 





Proposition 3.15. Let ,,N,z and Ne are 
three Nsm-sets. Then 

1. (N%)S=N,y 

il. ( 


(x2, ({—“— 





Azg) =Nazu; 


iii. Ka) = Nee (xs, ({ 


axu;) =Nang 





( 
IV. ( 
( 


Vv. au;) =Nag 


Proof: The proof is straightforward 


Definition 3.8. Let Na and Nz are two Nsm- 


sets. Then, union of 4 and Ng denoted by 


N, U Ng , is defined by * 


Ng U Ng={(x;, Na) U Ng (x): x; € E} 
where UisaWNS union,i € {1,2.... 
j € {1,2, ...,r}. 


Example 3.10. 
Let 
A={xy = (X94, %1"2, X13}, Xp = (K_4, X22, X23} 


and 


B={x, = {x192,x,92,X, 93}, X2 = {k271,X202, X23} 
Xg = {Xg01,X3°2,X3°3}} 1. 
Ul. 
il. 
IV. 














,m} and laze 








hy hs 
la 0,1) ’ = 6,3)” (1,.0, 25) 


uz u3 U4 \ 


(.7,.3,.5) ” (.6,7,.8) ’ (.6,.8,.6) ’ (.6,.7,.3) 








{ Cy C2 C3 C4 } 
(.4,.3,.2) ” (.5,.6,.7)” a 1,3)? (4,.271))’ 


hy h> 
ia 0,.0) ’ (4,.0,.1)’ (4.2, Gap). 











uz u3 U4 } 


(.6,.3,.6) ’ (.3,.2,.6)” (.6,.7,.5) ’ (.3,.7,.6)J)’ 


{—3— _c2 ea +} 
C753)? eae A,.5)’ (.3,.6,.5))” 


hp 





hy 
{a 5,.6) ’ (1,.0,.0)’ (.3,.2, =—}))] 


_ ee a a es 
Ng OL Ng ={(x:, (rorennn ” (0.4,0.3,0.4) ’ (0.6,0.3,0.4)’ Parents | 





Cy C2 C3 Cy, } 


(0.7,0.1,0.5) ’ (0.5,0.5,0.7) ’ (0.7,0.3,0.0) ’ (1.0,0.0,0.0))’ 


hy ho h3 








(1.0,0.0,0.0) ’ (1.0,0.1,0.0) ’ ats}) 


», ({— — uz U3 U4 i 
@70305)' ee ate (0.6,0.0,0.6) ’ (0.6,0.7,0.3) 








C3 C4 } 
CEES ETE ISL (0.9,0.1,0.3) ’ (1.0,0.2,0.1) 

aD) 
mace ETE (0.4,0.2,0.3) : 


(x (earns POLO OCH). 
a @50305) ” (0.3,0.2,0.6) ’ (0.6,0.7,0.5) ’ (0.3,0.7,0.6) 








C3 Cy \ 
Oran wan (0.5,0.4,0.5) ’ (0.3,0.6,0.5) 








aril, 
En A (0.3,0.2,0.7) 


Proposition 3.15. Let ,,Ng and Ne are 
three Nsm-sets. Then 


N, U (Ng UN?) = (N, U Ng) U Ne 
N, UN, = Ng 
Ny U Nag = Na 
Na U Nag = Ng 


Proof: The proof is straightforward 
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Definition 3.8. Let Na and Nz are two Nsm- 
sets. Then, intersection of N, and Nz, denot- 


ed by N, 1 Ng , is defined by 


Na 7 Ng ={(x, Nai) N Np (x)): x; € E} 


where n is a NS intersection, 
i € {1,2,...,m} andj € {1,2,...,r}. 


Example 3.10. 


_ U2 U3 U4 
N= (ees ” (.2,.4,.4) ” (.3,.3,.5)” Torre 














{ Cy C2 C3 C4 ; 
(.7,.1,.5) ’ ee .8,.0) ” (.0,.0,.0)J)’ 


tc ‘i 0)’ TE 0) Coo: 3h), 
(x2, (fe , U2 _ us to} 


(.1,.5,.3) ’ (.1,.8,.9)’ (.0,.0,1) ’ (.2,.8,.5) 























{ Cy C2 C3 C4 i 
(.5,.5,5) ” (.5,.3,.7)” Ss 4,3)’ (.1,1,1))’ 


hy hy 
ta 2,5) ’ (1,1,1)’ (1,8, 3h), 




















Ne=( (Xp (ote ee I 


(.3,.7,.2) ” (.4,.3,.8) 7 (.6,.5,.4) ” (.6,7,.4) 














Cy C2 C3 C4 
(aos ”(.5,.7,.8) ” Se 5,6)’ (1, “I, 
{ hy ho )), 

(1,.0,.1) ’” (.5,.6,.3)’ ap 


u2 u3 U4 
(Ka ({oe, G8) Cereb) ets} 



































Cy C2 C3 C4 
(aos ” (.5,.6,.7) i 1,.3)’ (1,.2, >} 
{ hy ho —2—|\), 

(1,.0,.0) ” (14,.0,..1)’ = Di8) 


u2 uz U4 
(x x3 ([ es "(3 De6) (6-75) aaah 


























{ Cy C2 C3 C4 i 
(.7,.5,.3) ” ioe 4,5)” (.3,.6,.5))’ 


hy hy 
{a G6) (10,0) 63.2, “3 —}))} 


Nall Ng = 























U2 U3 U4 
(1, (fe 7,4) ? (24,8) (.3,.5.5)’ (6,8, me 
{ Cy Co C3 C4 } 
(.5,.6,.8) ” (.2,.7,.8) ” . .8,.6)’ (1,.0,.0))’ 
i ae 
ta .0,.1) ’ (.5,1,.3)’ C9,.2, op) 


ee ye se, 
Oe ([oes ’ (.1,.8,.9)’ (.0,.8,.6)’ ‘Gaal 














{ Cy C2 C3 C4 } 
(.4,.5,.5) ” (.5,.6,.7)” se 4,3)’ (.1,1,1))’ 


hy hg 
‘a 2,5) ’ (1,1,1)’ (1,.8, <2 5})). 
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Proposition 3.15. Let ,,Ngz and Ne are 
three Nsm-sets. Then 


i. Na WW, 0N-) = (Na Ng) Neo 
ii. No th Ng = Ny 

iii. Nj. Nag = NA 

iv. NTN NG 


Proof: The proof is straightforward. 


4. NS-multi-set Decision Making 


In this section we recall the algorithm de- 
signed for solving a neutrosophic soft set 
and based on algorithm proposed by Al- 
kazaleh and Saleh [20] for solving fuzzy 
soft multisets based decision making 
problem, we propose a new algorithm to 
solve neutrosophic soft multiset(NS-mset) 
based decision-making problem. 

Now the algorithm for most appropriate 
selection of an object will be as follows. 


4-1 Algorithm (Maji’s algorithm using 
scores) 

Mayji [20] used the following algorithm to 
solve a decision-making problem. 


(1) input the neutrosophic Soft Set (F, A). 

(2) input P, the choice parameters of Mrs. 
X which is a subset of A. 

(3) consider the NSS ( F, P) and write it 
in tabular form. 

(4) compute the comparison matrix of the 
NSS (F, P). 

(5) compute the score S;, for all 1 using 
S;=T;+1;-F; 

(6) find S, = max; S; 

(7) if k has more than one value then any 
one of bi may be chosen. 


|. Deli, S. Broumi and M. Ali, Neutrosophic Multi-Soft Set Theory and Its Decision 


Making 


Neutrosophic Sets and Systems, Vol. 5, 2014 


4.2 NS-multiset Theoretic Approch to 
Decision—Making Problem 


In this section, we construct a Ns-mutiset decision 
making method by the following algorithm; 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


Input the neutrosophic soft multiset (H, C) 
which is introduced by making any operations 
between (F, A) and (G, B). 

Apply MA to the first neutrosophic soft multi- 
set part in (H, C) to get the decision Sy,. 

Redefine the neutrosophic soft multiset (H, C) 
by keeping all values in each row where S,,, 1s 
maximum and replacing the values in the oth- 

er rows by zero, to get (H, C),. 

Apply MA to the second neutrosophic soft 
multiset part in(H, C),to get the decision S,,. 

Redefine the neutrosophic soft 
set(H, C), by keeping the first and second 
parts and apply the method in step (c ) to the 
third part. 

Apply MA to the third neutrosophic soft mul- 
tiset part in (H, C), to get the decision S,,. 

The decision is (Sx,, Sk, » Sk): 


5-Application in a Decision Making Prob- 


lem 


Assume that U,= {U,,U, Uz, uy}, Uj= {C1,C2,C3,Cz } 
and U3; ={ h, , hy,h3 } be the sets of 
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es 


, cars’, and “hotels” , respectively and 


{E,, E,, E3}be a collection of sets of decision 


parameters related to the above universe, 


where 
E,= {x,/1 = expensive, x,¥1 = cheap, x,¥1 = 
wooden}, 
E5= 
{x, 42 = expensive, x,¥2 = 
in green surroundings, x3¥2 = sporty} 
and 
Uz — io 


E,= {x,¥3=expensive, x, 


majestic, X33 = 


in Kuala Lumpur} 


Let A={x, = {x,"2,x, 02,5193}, xX) = {x2"4,x,2,x,"3},x, = 


{x,"1, x02, Xy Us } 


/2 


and 
B={x, = (x12, x1 °2,x1"93},, x5 = {x2 41, x292,x2"3},x3 = 
{x3¥1, x3¥2, x, U3}} 


Suppose that a person wants to choose objects 
from the set of given objects with respect to 
the sets of choices parameters. Let there be 
two observation N, and Ng by two expert Y, 
and Y>, respectively. 














7 U3 U4 
Na={(X1, (Game: a8 (3)3;5)- ica) 














C3 C4 i 
al GS (.7,.8,.0) ” (.0,.0,.0) 











(.0,.0,.0) ’ Tae ee) 








Sewantlarenit 
Cs = Gan fae (.1,1,1) 





la 
ex 
G2 ass SEOUCEE aah 
fers 
laa 


(1,225)/" a (.1,.8, ao). 














Uz U3 U4 
(Ke (ors: 6,93) (8l7. by" ah 








{ Cc Co C3 C4 } 
(.3,.5,.7) ” (.3,.6,.2)” oe 5,.3)’ (3,.5,.5))” 


h ho 
ta 6:5)? (4.0:0)” (S32 25) 

















a U2 U3 U4 
Ne={On (as » ”(.4,3,.8) ’ (.6,.5,.4)’ Grab 











{ Cc Co C3 C4 } 
(.5,.6,.8) ” (.5,.7,.8) ’ a 5,6)’ (1,.0,.0))’ 
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6. Conclusion 


In this work, we present neutrosophic soft multi-set 


theory and study their properties and operations. Then, 


we give a decision making methods. An application of 


this method in decsion making problem is shown. 
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